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PREFACE 

In adding another text-book on analytic geometry to the 
large list of such books now available, the authors feel that a 
statement of the reasons for this one is desirable. In compiling 
the work they have endeavored to keep constantly in view the 
needs of that large class of students in our colleges and technical 
schools who, though in a way sympathetic toward mathematical 
study, are yet lacking in that quick appreciation of the mathe- 
matical point of view which is a characteristic of the so-called 
mathematical mind. The assimilation of new ideas, or even of 
new combinations and applications of ideas already familiar, 
in which the study of analytic geometry especially abounds, is 
not easy even for the trained mind, and for the student ap- 
proaching the subject for the first time is the source of most of 
his difficulties. The attempt here is to make this approach by 
easy gradations so that the student may not lose himself on 
the way, but may feel sure of his ground as he advances. To 
try to gain this end by the lack of rigorous demonstration would 
be to lose sight of an important object of such study, which, 
rightly viewed, is to assist the student to an acquaintance with 
correct principles of mathematical reasoning and the accom- 
panying scientific attitude of mind. The aim has been there- 
fore to preserve mathematical rigor throughout. 

As to details, much of the book necessarily follows well 
established lines of procedure. The experienced teacher will 
find, however, here and there, some departure from these lines 
which it is hoped will be approved. Owing to the increasing 
use of the imaginary, and its growing importance to the student 
of both pure and applied mathematics, some elementary dis- 
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cussion of imaginary elements in geometry has been included, 
which the authors believe will be of value in accustoming the 
student to look upon the complex number as a useful member 
of the number system. The lists of exercises have been pre- 
pared with especial care. Throughout the text short lists have 
been inserted where needed for the immediate illustration of 
principles or methods. At the conclusion of each chapter longer 
lists are inserted. These are divided into two parts, " normal 
exercises," which are direct applications of the text of the 
chapter, and " general exercises," which are designed to give 
the student opportunity of testing his grasp of the subject as a 
whole, and of its underlying principles. There will be found in 
each set of " normal exercises " one or two examples illustrating 
each separate point of the theory developed in the correspond- 
ing portion of the text, so far as it can be illustrated by exercises. 
The student may therefore be assured that he has made appli- 
cation of all of the theory when he shall have worked all the 
normal exercises. 

While the book is to be regarded as a text-book of plane 
analytic geometry, the concluding chapter is devoted to solid 
geometry. Only the barest outline of some of the fundamental 
principles of this subject is included, enough to enable the 
student, when he studies calculus, and wishes to apply its 
principles to problems involving solids and surfaces, to feel that 
he is not on entirely new ground. 

University op Pennsylvania, 
July, 1917 
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FORMULAS, TABLES, ETC., FOR REFERENCE 

A few important definitions, formulas, and tables, from 

elementary algebra and trigonometry, which will be needed in 

the study of this book, are placed here for convenience of 

reference. 

A. Algebraic definitions and formulas 

I. Definitions 

(a) The degree of a term in specified letters is the number of times 
these letters occur as factors in that term. Thus ak^d is of the seventh 
degree in a, h, c, and d\ a'icV is of the fourth degree in x and y. 

(b) The degree of a polynomial in specified letters is defined as that 
of the term of highest degree in those letters. Thus ox* -f ha^ + C3^ 
-h dy + e is of the third degree in x and y. 

(c) A pol3momial is said to be homogeneous in specified letters 
when each of its terms is of the same degree in those letters. Thus 
ox* + 5xy — 6V is homogeneous and of the second degree in x and y. 

(d) In an equation containing one or more variables the term which 
contaiDS no variable factors is called the absolute term. Thus in 
oa^ + &^ — o*c* = 0, where x and y are the variables, the absolute 
term is -- a^. In x + 2/ = 0, the absolute term b zero. 

(e) A root of an equation is a value of the variable which, when 
substituted for the variable, satisfies the equation. 

II. The Quadratic Equation 
(a) The roots of the quadratic equation 

ox* + 6x -f c = (1) 



are 



*•« = nz • (2) 



* 2a > ' 2a 

(Jb) The roots of the quadratic' (1) are 

real and unequal if &* > 4ac, 

real and equal if &* » iac, 

imaginary if 6* < 4ac. 

vu 



(3) 
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(c) The sum of the roots of the quadratic (1) is 



n + r, = -|. (4) 

a 

(d) The product of the roots of the quadratic (1) is 

rin = - . (5) 

a 

(c) If the coefficient a in the quadratic (1) varies and approaches 
zero, the coefficients h and c remaining constant, one root of the equa- 
tion increases without limit. 

III. Factors of Ax* + Hxy -f By^ 
A homogeneous expression of the second degree in x and y, 

Ax* + Hxy -f %2, (6) 

can always be factored. The factors are conveniently expressed thus 

^ l2Ax -\-(H -\' <H^ - ^B)y][2Ax + {H - <H^ - AAB)yl (7) 

IV. Imaoinabies 

(a) V— 1 is called the imaginary unit, and is usually represented 
by the letter i* Thus x -^ iy means x -f j/V— 1. 

(b) An expression containing both real and imaginary terms is called 
a complex expression. 

(c) If two complex expressions are equal, the real parts of the two 
expressions are equal, and the imaginary parts are equal. Thus 



are equal, ana tne unagmary parts are equal. J 

if X + iy = o + 16, then x = a, and y = &, ) 
if X -f iy = 0, then x = 0, and y = 0. J 



(8) 



V. Logarithms 



(a) If ^ = a', X is called the logarithm of y to the base a. This 
equation may therefore be written in ihe form x = loga y. 

(6) In the case of the so-called common logarithms, the logarithms 
used in computation, the base is 10. 



* In electrical theory j is used instead of i to represent ^— \. 
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(c) Logarithms used algebraically are usually Napierian, or natural 
logarithms. The base of this system of logarithms is the incom- 
mensurable number e = 2.7182818285- • •, called the Napierian base, 
and defined by the infinite series 

(d) When in algebraic work a logarithm is written without any 
expressed base, e. g., log (1 + x'), the base is understood to be c. 

B. Trigonometric formulas 

If 2 is the length, and r the radius of the arc subtending the angle 

of $ radians, 

I = re. (10) 

180** = IT radians. (11) 

esc ^ = -; , cot ^ = 7 , sec ^ = ;; . (12) 

sm e * tan 0^ cos d 

sin* ^ + cos* ^ = 1. (13) 

sec* d = 1 + tan* $, (14) 

CSC* ^ = 1 + cot* e. (15) 

tan ^ = , cot ^ = -: — r . (16) 

cos ^ sm d ^ 

in 
If tan d = — , then 
n 

sin ^ = it —=^== , cos ^ = ± —==== , (17) 

Vm* + w* Vm* + w* 



cos ^ = sm (90** ± e), cot e = I 



tan (90** - 0)f 
tan (90** + $). 



(18) 



sin (180** - d) = sin 0, cos (180** - d) = - cos d, 

tan (180** - «) = - tan ^. (19) 

sin (180** + ^) = - sin ^, cos (180** + d) = - cos ^, 

tan (180** + d) = tan 0. (20) 

sin (— d) = — sin d, cos (— d) = cos d, tan (— ^) = — tan^. (21) 
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Ban (x zty) = sin a: cos y ± cos x sin y. 
cos (x zhy) = cos X cos 2/ =F sin a; sin y. 

1 =T= tan X tan y 
sin 2d = 2 sin 9 cos $. 
cos 2$ = cos* $ — sin' d. 



tan 29 



2 tan g 
1 - tan* $ ' 



sin 3d = 3 sin 9 - 4 sin' d, cos 3d = 4 cos» d - 3 cos d. 
1 - cos d = 2 sin* id, 1 + cos d = 2 cos* Jd. 



tan 



..-Vi 



— cos 



In any plane triangle 



+ cos 0' 



a 



sin A sin jB sin C ' 
o« = 6« + c* - 26c cos 4, etc. 

Signs of the Tbioonometric Functions 



(22) 
(23) 

(24) 

(25) 
(26) 

(27) 

(28) 
(29) 

(30) 

(31) 
(32) 





First 
Quadrant 


Second 
Quadrant 


Third 
Quadrant 


Fourth 
Quadrant 


sind 
cscd 


+ 


+ 


— 


— 


cosd 
seed 


+ 


— 


— 


+ 


tand 
cotd 


+ 


— 


+ 


— 
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C. Values of the trigonometric functions of angles 
I. Certain exact values of these functions 



Angle 

In 
Degrees 


Angle 

in 

Radians 


sin 


eos 


tan 


cot 


see 


CSC 


0° 








1 





00 


1 


00 


30° 
45° 
60° 


iir 




i 


1 


V3 

1 

iV3 


iV3 
2 


2 

V2 
*V3 


90° 


W 


1 





oo 





00 


1 



II. Decimal values of the trigonometric functions for each 5° of the 

quadrant 



Angle in 
Degrees 


Angle in 
Radians 


sin 


cos 


tan 


cot 


sec 


CSC 


0* 





0.000 


1.000 


aooo 


(O 


1.000 


00 


5* 
10* 
15* 


0.087 
0.17& 
0.262 


0.087 
0.174 
0.259 


0.996 
0.985 
0.966 


0.087 
0.176 
0.268 


11.430 
6.671 
3.732 


1.004 
1.016 
1.035 


11.474 
6.760 
3.864 


20* 
25* 
30* 


0.340 
0.436 
0.524 


0.342 
0.423 
0.500 


0.940 
0.906 
0.866 


0.364 
0.466 
0.677 


2.747 
2.145 
1.732 


1.064 
1.103 
1.156 


2.924 
2.366 
2.000 


35* 
40* 
45* 


0.611 
0.698 
0.785 


0.574 
0.643 
0.707 


0.819 
0.766 
0.707 


0.700 
0.839 
1.000 


1.428 
1.192 
1.000 


1.221 
1.305 
1.414 


1.743 
1.666 
1.414 


60* 
55* 
60* 


0.873 
0.960 
1.047 


0.766 
0.819 
0.866 


0.643 
0.574 
0.600 


1.192 
1.428 
1.732 


0.839 
0.700 
0.677 


1.666 
1.743 
2.000 


1.306 
1.221 
1.165 


66* 
70* 
76* 


1.134 
1.222 
1.309 


0.906 
0.940 
0.966 


0.423 
0.342 
0.259 


2.145 
2.747 
3.732 


0.466 
0.364 
0.268 


2.366 
2.924 
3.864 


1.103 
1.064 
1.036 


80* 
86* 
90* 


1.396 
1.484 
1J571 


0.985 
0.996 
1.000 


0.174 
0.087 
0.000 


5.671 
11.430 

00 


0.176 
0.087 
0.000 


5.759 
11.474 

00 


1.015 
1.004 
1.000 



ni 
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D. Miscellaneous tables 

I. Degrees and Radians 

V = 0:0174533 rad., 1' = 0.0002909 rad., 1" = 0.0000048 rad. 
1 rad. = 57^29578 = 57** 17' 44".8 = 3437'.75 = 206264".8 



0.1 rad. = 5**43'46".5 


0.4 rad. =22'' 55' 5".9 


0.7rad.=40''-6'25".4 


0.2 " =11*'27'33".0 


0.5 " =28^38'52".4 


0.8 " =45** 50' 11".8 


0.3 " =17M1'19".4 


0.6 " =34** 22' 38".9 


0.9 " =51** 33' 58".3 



II. Mantissas of the common logarithms of numbers 



N 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


000 


041 


079 


114 


146 


176 


204 


2.30 


255 


279 


2 


301 


322 


342 


362 


380 


398 


413 


l'431 


447 


462 


3 


477 


491 


505 


519 


531 


.544 


556 


568 


580 


591 


4 


602 


613 


623 


633 


643 


653 


663 


672 


681 


690 


5 


G99 


708 


716 


724 


732 


740 


748 


756 


763 


771 


6 


778 


785 


792 


799 


806 


813 


820 


826 


833 


839 


7 


845 


851 


857 


863 


•869 


875 


881 


886 


892 


898 


8 


903 


908 


914 


919 


924 


929 


934 


940 


944 


949 


9 


954 


959 


964 


968 


973 


978 


982 


987 


991 


996 



III. Napierian logarithms of numbers 



N 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 





— 00 


-2.30 


-1.61 


-1.20 


-0.92 


-0.69 


-0.51 


-0.36 


-0.22 


-0.11 


1 
2 
3 


0.00 
0.69 
1.10 


0.10 
0.74 
1.13 


0.18 
0.79 
1.16 


0.26 
0.83 
1.19 


0.34 
0.88 
1.22 


0.41 
0.92 
1.25 


0.47 
0.96 
1.28 


0.53 
0.99 
1.31 


0.59 
1.03 
1.34 


0.64 
1.06 
1.36 


4 
5 
6 


1.39 
1.61 
1.79 


1.41 
1.63 
1.81 

1.96 
2.09 
2.21 


1.44 
1.63 
1.82 


1.46 
1.67 
1.84 


1.48 
1.69 
1.86 


1.50 
1.70 
1.87 


1.53 
1.72 
1.89 


1.55 
1.74 
1.90 


1.57 
1.76 
1.92 


1.59 
1.77 
1.93 


7 
8 
9 


1.93 
2.08 
2.20 


1.97 
2.10 
2.22 


1.99 
2.12 
2.23 


2.00 
2.13 
2.24 


2.01 
2.14 
2.25 


2.03 
2.15 
2.26 


2.04 
2.16 
2.27 


2.05 
2.17 
2.28 


2.07 
2.19 
2.29 


10 


2.30 


2.31 


2.32 


2.33 


2.34 


2.35 


2.36 


2.37 


2.38 


2.39 
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IV. Positive 'powers of e (Napierian anti-logariUima) 



Exp. 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 





1.00 


1.11 


1.22 


1.3? 


1.49 


i.eiS 


1.82 


2.01 


2.23 

6.0? 
16.4 
44.7 


2.46 


1 
2 
3 


2.72 
7.39 
20.1 


3.00 
8.17 
22.2 


3.32 
9.03 
24.5 


3.67 
9.97 
27.1 


4.06 
11.0 
30.0 


4.48 
12.2 
33.1 


4.95 
36.6 


5.47 
14.9 
40.4 


6.69 
18.2 
49.4 


4 
5 
6 


54.6 
148. 
403. 


60.3 
164. 
446. 


66.7 
181. 
493. 


73.7 
200. . 
54?. 


Sl.'S 
221. 
602. 


90.0 
243. 
665. 


99.5* 
270. 
735. 


110. 
299. 
B12. 


122. 
330. 
B98. 


134. 
365. 
992. 



V. Negative powers of e {Napierian anti-logarithms) 



Exp. 





-.1 


-.2 


-.3 


-.4 


-.5 


-.6 


-.7 


-.8 


-.9 


-5 
-4 
-3 


0.01 
0.02 
0.05 


0.01 
0.02 
0.05 


0.01 
0.01 
0.04 


0.00 
0.01 
0.04 


0.01 
0.03 


0.01 
0.03 


0.01 
0.03 


O.Ol 
0.02 


0.01 
0.02 


0.01 
0.02 


-2 

-1 




0.14 
0.37 
1.00 


0.12 
0.33 
0.90 


0.11 
0.30 
0.82 


0.10 
0.27 
0.74 


0.09 
0.26 
0.67 


0.08 
0.22 
0.61 


0.07 
0.20 
0.56 


0.07 
0.18 
0.60 


0.06 
0.17 
0.45 


0.06 
0.15 
0.41 



VI. Square roots of numbers 



N 





1 


2 


3 


4 


6 


6 


7 


8 


9 





000 


1.00 


1.41 


1.73 


2.00 


2.24 


2.46 


2.65 


2.83 


3.00 


1 
2 
3 


3.16 
4.47 
5.48 


3.32 
4.68 
6.67 


3.46 
4.69 
5.66 


3.61 
4.80 
5.74 


3.74 
4.90 
6.83 


3.87 
6.00 
6.92 


4.00 
6.10 
6.00 


4.12 
5.20 
6.08 


4.24 
5.29 
6.16 


4.36 
5.39 
6.24 


4 
5 
6 


6.32 
707 
7.75 


6.40 
7.14 
7.81 


6.48 
7.21 
7.87 


6.66 
7.28 
7.94 


0.63 
7.35 
8.00 


6.71 
7.42 
8.06 


6.78 
7.48 
8.12 


6.86 
7.56 
8.19 


6.93 
7.62 
8.25 


7.00 
7.68 
8.31 


7 
8 
9 


8.37 
8.94 
9.49 


8.43 
9.00 
9.54 


8.49 
9.06 
9.69 


8.54 
9.11 
9.64 


8.60 
9.17 
9.70 


8.66 
9.22 
9.75 


8.72 
9.27 
9.80 


8.77 
9.33 
9.86 


8.83 
9.38 
9.90 


8.89 
9.43 
9.95 



The Greek alphabet 

ky a, alpha I, t, iota P, p, rho 

B, /3, beta K, jc, kappa Z, o-, s, sigma 

r, 7, gamma A, X, lambda T, t, tau 

A, 5, delta M, m, mu T, v, upsilon 

E, €, epsilon N, p^ nu $, 0, phi 

Z, f, zeta H, ^, xi X, x, chi 

H, iy, eta O, Of omicron -^y ^, pei 

e, $, 1?, theta n, T, pi 0, «, omega. 



xiv 
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CHAPTER I 

CARTESIAN COORDINATES 

1. Theorem. . Let X'OX, Y'OY he two fixed straight lines in 
a planef then the position of any point in the plane is determined 
by its distance from Y'Y measured parallel to X'X, and its distance 
from X'X measured parallel to Y'Y, 

Let P be a point in the plane of X'X, Y'Y^ whose distance 
to the right of F'F, measured 
parallel to X'X is a, and 
whose distance above X'X, 
measured parallel to Y'Y is 6. 
Then the position of P in the 
plane is determined. Be- 
cause P must lie in the line 
MN, parallel to Y'Y at the 
distance a (as defined above) 
from it on the right, and also 
in the line RSj parallel to X'X 

at the distance b from it on the upper side. Hence P must be 
at the intersection of MN and RS, 

Definitions. The two lengths or distances which determine 
the position of a point, as 2 and b determine P in the preceding 
demonstration, are called the coordinates of the point. 

The fixed lines in the plane to which the position of the point 
is referred are called the axes of coordinateSi'and their inter- 
section is called the origin of coordinates, or simply the 
2 1 
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origin. The axis X'X is called the axis of abscissas, or the 
X-axis, and FF is called the axis of ordinates, or the K-axis. 

The two coordinates a and 
h of the point P, Fig. 1, are 
called respectively the ab- 
scissa and the ordinate of 
the point. That is: 

The abscissa of a point is its 
distance from the Y-axis, meas- 
ured parallel to the X-axis, 

The ordinate of a point is its 
distance from the X-axis, meas- 
ured parallel to the Y-axis, 
The letter x is customarily used to designate the abscissa of a 
point, and the letter y to designate the ordinate. So also 
the expression " the a; of a point " is often used, meaning its 
abscissa, or " the y of a point," meaning its ordinate. 

The coordinate axes are usually taken at right angles to each 
other, and in this book they will always be considered as so 
situated unless the contrary is stated. When the axes are not 
at right angles the coordinate system is said to be oblique. 

Note. The term Cartesian coordinates is applied to the system of 
coordinates which has just been described because it is essentially the 
system invented by the French philosopher and mathematician Des- 
cartes (1596-1650). Other coordinate systems are often used, one of 
which, the polar system, will be described in a later chapter of this 
book. 

2. Signs of the coordinates. Notation. In order to be 
able to locate a point when its coordinates are given we must 
know not only the lengths of its coordinates but also the direc- 
tion (right or left, up or down) in which they are to be measured. 
Thus, Fig. 2, if NO = OM = a, and RO = OS =^ 6, there are- 
four points Pi, ft, Ps, Pi at the distance a from F'F and the 
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distance b from X'X. To avoid this ambiguity we adopt the 
usual convention of distinguishmg between lengths measured 
in opposite directions by + and — signs. Then, Fig. 3, 
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Fig. 3 



if OM is called + a, ON is - a; and if OS is + h, OR 
is — h. Hence the coordinates of Pi are x = + a, y = + 6, 
those of P2 are x = — Qj y = + b^ those of Pz are x = — a, 
y = — by and those of P4 are x = + a, y = — b. 

In actual practice when an 
abscissa or ordinate is + the sign * 

is usually not written. (-«»«)'f 

In designating the position of • 

a point by its coordinates the 1 11 

notation (r, y) is used. That 
is, the coordinates are written in 

parenthesis with a comma sepa- M**-^) 

rating them, and the abscissa is 
invariably written first. Thus 
the point (2, — 3) means the point whose abscissa is 2 and ordi- 
nate — 3, the point ( — 3, 2) is the point whose abscissa is — 3 
and ordinate 2. See Fig. 4. 



X' 



Y' 
Fig. 4 



Exercises. 1. Draw a pair of coordinate axes and, using any 
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convenient unit of length, locate the following points (1, 2), (5, —2), 
(3, 3), (- 3, 1), (- 2, 0), (0, 4), (- 4. - 2), (3, 0),.(0, - 2), (0, 0). 

2. If a point is on the X-axis what is its ordinate? 

3. If a point is on the F-axis what is its abscissa? 

4. What are the coordinates of the origin? 

5. If the abscissa of a point is 0, on what line will it lie? 

6. If the ordinate of a point is 0, on what line will it lie? 

3. Directed lengths. By a directed length is nreant a 
length measured in a given direction. As has been explained 
the coordinates of a point are always directed lengths. The 
length AB means the distance from A to 5 in magnitude and 
direction. 

I. If A and B are two points, then 



length AB = - length BA. t 



B 
Fig. 5 



That is, the magnitude element of the length is the same, whether 
we think of AB or of BA^ but the direction element in the one 
case is opposite to that in the other. 

II. Theorem. If three points A, B, C are arranged in any 
order on a straight line then AC = AB + BC. 



B 



B 



1 1 I 

BAG 

Fig. 6 

In the upper line. Fig. 6, the three segments AC, AB, BC are 
all measured in the same direction, and AC is composed of the 
other two. Hence AC= AB + BC. 

In the second line of the figure AC = AB — CB, but from I, 
- C5= + BC, hence AC = AB + BC. 

In the third line AC ^ BC - BA = AB + 5C, as before. 

Other possible arrangements can be similarly treated. 
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III. Problem. To express the distance from one point to 
another J when the distances of these two points from a third point 
on the same line are known, 

m 

Let the distances AB and AC, Fig. 6, be known in both length 
and direction, and let the distance from B to C be required. It 
is then only necessary to express the length of the required 
segment in terms of the given segments as in II, being careful 
to write the letters in the proper order in each case. Since it 
is here required to find the distance from B to C we write 5C, 
and then, according to II, 

BC = BA+ AC, 
and hence 

BC = - AB + AC. (1) 

Had the question been to find the distance from C to B, the 
same procedure would lead to the equation 

CB = CA + AB, ' 
or 

CB = - AC + AB. (2) 

The student should examine this discussion in connection 
with each arrangement of points in Fig. 6 and satisfy himself 
that the truth of the result is independent of the order of the 
points. 



I I I I I I I 



P Q P 

Fig. 7 Fig. 8 

Illustrations. In Fig. 7 let OP - 3, and OQ = 7, then 

PQ ^ PO +0Q ^ -3+7=4. 
Again in Fig. 8 suppose OP = — 5, and OQ = 2, then 

PQ '^PO+OQ (- 5) -h 2 = 7. 

Similarly with the same data 

QP ^QO+OP = - 2 + (- 5) - - 7. 
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4. Distance between two points. 

Problem. To find the length of a line joining two points whose 
coordinates are given, the axes being rectangvlar. 

Let it be required to ex- 
) press the length of P1P2, in 
terms of the given coordi- 
nates (xi, yi), (x2, 2/2) of these 
' two points. That is we 
have given OMi = xi, M\Pi 
= 2/1, OM2 = X2, Af2P2 = 2/2. 
Draw PiQ parallel to OX 

to meet Af2P2 (extended in 
Fig 9 * ^ \ 

this case) at Q, Since P1QP2 

is a right angle, 

But 

and 







Y 




P. (»,. 


M. A/ 


/ 




M. 


X' 


/ 


15 




X 


/ 


P,(«i,V.) 


N 


C 


I 



PiJP2» = PiQ^ + QP2'. (i) 

PiQ = PiN + iVQ = - OMi + OM2 = - xi + X2, 



QP2 = QM2 + M2P2 = - MiPi + M2P2 = - 2/1 + 2/2. 
Substituting these values in (i) the result is 



PiP2^ = (X2 - 0:1)2 + (2/2 - 2/i)S 
or since (xj — XiY = (xi — X2)^ and (2/2 — 2/0* = {y\ — 2/2)*, 

P1P2 = VCfiCi - ir2)* + (yi - 1/2)^ (3) 

Note carefully that in indicating a line-segment, simply as a 
length, it is to be written in the positive direction, as P\Q, QP2 
in the foregoing demonstration; but in indicating a line-segment 
as one of the coordinates of a point it must be taken as starting 
from the axis and going to the point. Thus, above, OMi (not 
MiO) is xi, and ilf iPi (not PiAf is 2/1. 

5. Slope of a line. 

I. Definition. The tangent of the angle which a line makes 
with the X-axis is called the slope of the line. 
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Of the four angles formed by the intersection of a line with 
the X-axis that one is taken as the " slope " angle which lies 
between the positive exten- 
sion of the X-axis and the 
upper extension of the line. 
Thus the slope of A 5 is tan 61 
and the slope of CD is tan 62. 

II. Problem. To find the 
slope of a line in terms of the 
coordinates of two points on 
the line. 

The slope of the line determined by the points Pi, P2 Fig. 9 
is tan XAP2 = tan QP1P2. Now 
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tan QP1P2 = 



QP2 
PiQ' 



and as shown in Art. 4, QP2 = — 2/1 + 2/2, and PiQ = — Xi -h X2t 



tan ©F1P2 = m = 



"1/1 + 1/2 ^ 1/1 - 1/2 

— Xl + X2 fiCi — a?2* 



(4) 



where m is used to designate the slope. 

Smce in denying (3) and (4) the principles of directed lengths 
have been strictly followed the results are true for all positions 
of the points Pi and P2. 

6. Division of a segment of a line in a given ratio. 

Problem. To find the coordinates of the point which divides a 
given segment of a line in a given ratio. 

Some preliminary remarks are necessary. 

(a) By a given segment of a line is meant a segment the 
coordinates of whose extremities are known. 

(6) A segment may be divided internally or externally. 
Thus in Fig. 11 (a) the point P divides the segment AB in- 
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temally in the ratio AP : PB; and in Fig. 11 (b) the point P 



B 



T 



(CO 



C6) 



Fig. 11 



divides the segment AB externally in the ratio AP : PB. 

(c) When the division is internal the ratio is positive, because 
the two segments AP, PB, which are the terms of the ratio, 
are measured in the same direction, and hence have the same 
sign; but when the division is external the ratio is negative 

because in that case the two 
segments AP, PB are measured 
in opposite directions. 

Our problem then is to find 
the coordinates of P, having 
given the coordinates of A and 
B, and the ratio AP : PB, 

Let A =(xi, yi), B =(x2, yj), 
AP : PB -= h: k. Draw LA, 




Fig. 12 
MP, NB parallel to OY, and PS, AR parallel to OX. Then 



AQ 
PS 



AP 
PB 



QP ^AP 
SB " PB 



h 
k' 

h. 
k 



But 



AQ 
PS 



LM _ LQ-f OM ^ - xi+x 
MN " MO + 0N " -X + X2* 



QP ^ QM + MP ^ AL + MP ^ - yi + y 
SB SN + NB PM + NB - y + y^' 

Hence, substituting from (m) in (i) and from (iv) in (u) 



(0 



(ii) 



(Hi) 



{iv) 



Xi + X __ h 

~k' 



— a; + Xo 



- yi + y ^ h 

- y + Vi k' 



(v) 
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Solving the first of (v) for x, 

— kxi + kx = — Ax + hxi, 



or 
and 

Similarly 



(h + k)x = kx2 + kxi, 
hx2 + kXi 



X = 



h + k 



^ hyt + kyx 
^ h + k 



(5) 



It should be noted that equations (5) are true whether 
the axes are rectangular or oblique. Also that when P divides 
AB externally, the ratio being then negative, it is immatenal, 
in applying (5), whether the negative sign is attached to h or k. 

Important Special Case. The case of bisection is especially 

important. In this case A : fc = 1 : 1, and substituting h = k 

= 1 in (5) we have 

agi + ag2 Vi + ya , ^. 

« = — 2 — » ^ ^ — 2 — ' ^ ^ 

which are the coordinates of the point bisecting the line joining 
(xi, yi) and (xj, y-)- 

Exercises. 1. Find the length of the sides of the triangle whose 
vertices are the points (2, 3), (— 2, 0), (1, — 4). Ans. 5, 5, 5^2. 

2. Find the length of the sides and diagonals of the quadrilateral 
whose vertices are the points (5, 2), (2, 6), (— 3, 4), (— 1, — 1). 

Ans. Sides 5, >S9, >S9, 3 >S; diagonals VSS, V58. 

3. Find the middle points of the sides of the triangle whose vertices 
are (5, 2), (—1, 6), (1, — 4), and find the lengths of the medians of 
the triangle. Ans. -^j V65, V65. 

4. What form does formula (3) take if one of the two given points 
is the origin? 

5. Prove that the quadrilateral whose vertices are (4, 2), (— 2, — 1), 
(0, — 4), (6, — 1) is a parallelogram. 

6. Find the coordinates of both points of trisection of the line joining 
the two points (1, 6), (4, - 2). Ans. (2, ^), (3, }). 
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7. A = (- 2, 1), B = (4, 3), and P divides AB externally so that 
AP :PB ^ -2:5. Find the coordinates of P. Ans. (- 6, - J). 

8. Trisect each median of the triangle in Ex. 3, so that the longer 
segment in each case is adjacent to the corresponding vertex. What 
does the result show? 

9. Extend the line joining Pi = (— 1, 3), Pj = (3, 6) each way a 
distance equal to PiP2y and find the coordinates of the two points, thus 
determined. Ans. (7, 7), (—5, 1). 

10. A parallelogram has two opposite vertices at (1, 2) and (4, 1), 
and a third vertex at the origin. Find the coordinates of the fourth 
vertex. Ans. (5, 3). 



7. Area of a triangle. 

P. 




Let the vertices of a triangle be 

Pi = {xi, 2/i), 
Pi = (aJ2, 2/2), 
Pi = (xa, t/j). 
Then area P1P2P8 = 
X MiMzPzPi + MzM^PiPz 
- M1M2P2P1. (i) 
Since each of the areas on the right in (i) is a trapezoid we have 

area MiMzPj,Pi=^\MiMi{MxPi + MzPz) = i(x, - x.Kyz + 2/1), 
area MzM2P2Pi = iMzM2{MzPz + M2P2) = J(^2 — Xz){y2 + Vz), 
area MiM2P2Pi=iMiM2(MiPi + M2P2) = h(x2 - Xi)(yi + 7/2). 

Hence substituting in (t) 

area P1P2P3 = ilixz - Xi)(yz + 2/1) + (0:2 - Xz){y2 + y%) 

- {x2 - xi){yi + 2/2)], 
from which, expanding and collecting terms, 
Area P1P2P3 = h[xi{y2 - yz) + M.y% - yi) + xz{y\ - 1/2)]. (7) 
Formula (7) may also be written thus: 
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area PiP^Pz = i[(xi2/2 — xiyx) + {Xiiji — Xzyt) 

+ (xsl/i - Xiyz)]. (8) 

When the coordinates of the vertices of a given triangle are 
substituted in (7) or (8) the resulting number expressing the 
area of this triangle will be positive or negative according to the 
order in which the points are taken. The numerical value 
obtained, irrespective of sign, will always be the required area. 

Example. Fiad the area of the triangle whose vertices are (—1, 2), 
(3, -1), (-4,2). 

Substituting the given coordinates in (7) the result is 

Area = H- (- 1 - 2) + 3(2 - 2) - 4(2 + 1)] 
= i(3 + - 12) = - 4i. 

The required area is therefore 4}. 

The student acquainted with the determinant notation will 
recognize that formula (8) can be written 

1 xi yi 
area PiP%Pz = J 1 xt y^ , (9) 

1 xz yz 

8. Area of any polygon. Since any polygon can be divided 
into triangles by diagonals drawn from one of the vertices, the 
area of such a figure can be determined by finding the areas of 
its several parts by means of (7), (8) or (9), and combining the 
results. 

Exercises. 1. Determine the areas of the following triangles 

(a) (2, 6), (4, - 1), (0, 0). (d) (0, 3), (4, - 5), (- 3, - 2). 

(&) (3, - 2), (- 4, 1), (0, 5). (e) (5, - 1), (- 1, - 6), (2, 4). 

(c) (1, - 3), (4, 5), (- 2, 3). (/) (3, - 2), (0, 4), (5, 1). 

Ans. (a) 13, (b) 20, etc. 

2. Determine the area of the quadrilateral whose vertices are (1, 4), 
(5, - 2), (0, - 3), (- 2, 0). Ans. 26i. 

3. Determine the area of the quadrilateral whose vertices are (5, 2), 
(2, - 5), (- 5, 3), (0, 1). Ans. 29. 
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Exercises* on Chapter I 

Normal Exercises 

1. If the abscissa of a point is 4 on wh^t line will it lie? 

2. If the abscissa of a point is equal to its ordinate on what line will 
it lie? 

3. What is the distance of the point (2, 4) from the origin? 

4. How far is the point (—3, — 5) from the point (— 1, 2)? 

5. What is the slope of the line joining th^ point (2, 4) to the origin? 

6. What is the slope of the line joining the points (2, - 3) and 
(-4,-2)? 

7. Find the coordinates of the middle points of the sides of the 
triangle whose vertices are the points (0, 0), (—2, — 4), (— 2, 3). 

8. If the line from (— 2, 3) to (4, — 1) be extended through the 
latter point until its length is three times its original length, what are 
the coordinates of the end point? Ans. (16, — 9). 

9. Find the area of the triangle of exercise 7. 

10. Find the area of the quadrilateral whose vertices are (— 1, 3), 
(- 2, 3), (- 3, - 3), and (3, -4). Ans. 22. 

General Exercises 

11. A straight line joining two points is bisected by the origin. 
One of the points is (2, 3). What is the other? 

12. Determine which of the following sets of points are points of 
the same straight line 

(a) (2, 4), (- 1, 0), (5, 8); (c) (2, 4), (3, 6), (5, 7), (0, 2); 

(6) (- 1, 2), (0, - 1), (2, 4); (d) (- 1, 1), (2, - 1), (0, 0), (- 4, 3). 

13. Show that (- 1, 2), (2, - 2), (4, 7), and (9, 5) are the vertices of 
a trapezoid. 

* The exercises at the end of each chapter are divided into two 
groups, " Normal Exercises," and " General Exercises." Those given 
under the first heading require for their solution only the direct appli- 
cation of the methods or formulas developed in the chapter. Under 
the second heading are given other exercises of like character together 
with more varied problems requiring indirect, combined, or extended 
applications of the chapter's results. 
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14. Show that (- 1, 2), (3, - l),v{4, 7), and (8, 4) are the vertices of 
a parallelogram. 

15. Show that (2, 4), (7, 3), (-2, - 3), (-1, 2) are the vertices 
of an isosceles trapezoid. 

16. Determine which of the following sets of points are the vertices 
of a parallelogran^ 

(a) (2, 5), (0, 0), (- 1, ^ 2), (2, - 4); (5) (1, 2), (7, 5), (3, 3), (5, 4). 

17. Show that the middle points of the sides of the quadrilateral 
whose vertices are the points (1, — 2), (2, 4), (— 1, — 4), and (3, — 5) 
are the vertices of a parallelogram. 

18. Find the coordinates of the fourth vertex of each of the paral- 
lelograms three of whose vertices are the points (— 1, 2), (— 3, 4), 
(2,1). Ans. (0,3), (-6,5), (4, - 1). 

19. Find the lengths of the sides of the triangle whose vertices are 
the points (2, 1), (5, 5), and (- 5, 0). Ans. 5, 5>5, 5V5. 

20. Show that the points (- 1, 3), (- 2, - 4), (6, - 4), (2, - 6), 
and (7, — 1) are all on one circle whose center is the point (2, — 1). 

21. Show that the diagonals of the quadrilateral whose vertices are 
the points (0, 3), (3, 5), (5, 2), and (2, 0) are equal. Show that this 
quadrilateral is a rectangle. 

22. Find the point on the X-axis equally distant from the points 
(2, 4) and (- 2, 6). Ans. (- f, 0). 

23. Find the point on the F-axis equally distant from the points 
(2, 4) and (6, 5). Ans. (0, 20i). 

24. Find the point equally distant from the points (—2, — 4), 
(6, - 4), and (- 1, 3). Ans. (2, - 1). 

25. Show that the points (—1, 2), (4, — 3), (5, 3) are the vertices 
of an isosceles triangle. 

26. Find the third vertex of one of the equilateral triangles two of 
whose vertices are the points (1, 2), (4, 6). Ans. (f + 2-^, 4 — iV3). 

27. The coordinates of the points A and B are (— 1, 2) and (4, — 2) 
respectively. P is a point on AB produced, and is twice as far from 
A as it is from B. Find its coordinates. Ans. (9, — 6). 

28. The point (4, 7) is on the line joining (— 1, 2) to the pomt B, 
and is one third as far from (— 1, 2) as from B. Find the coordinates 
of B. . Ans. (19, 22) or {-. 11, - 8). 
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29. Find the area of the triangles the coordinates of whose vertices 
are: 

(a) (0, 0), (0, 4), (4, 0); (b) (- 1, - 4), (- 5, - 5), (- 2, ^ 1). 

30. Determine two values of x so that the area of the triangle whose 
vertices are the points (x, 2), (2a:, 1), and (4, 5) is one half the area of 
the triangle whose vertices are the points (x, — 1), (2, 3), and (5, 2). 

Abs. - ^, f . 

31. Show that the area of the triangle whose vertices are (—3, 5), 
(3, 7), (5, — 1) is four times the area of the triangle whose vertices 
are the mid-points of its sides. 

32. Find the area of the quadrilateral whose vertices are (4, 1), 
(- 1, 2), (- 2, - 3), and (1, 3). Ans. 16i. 

33. Find the area of the polygon whose vertices are (2, 4), (5, 1), 
(4, — 3), (1, — 5), (— 2, — 3), (— 2, 4); first by combining the areas 
of the triangles into which it is divided by diagonals from one vertex, 
and secondly, by combining the areas of the triangles formed by joining 
the vertices to the origin. 

34. Find the coordinates of the middle points of each of the diagonals 
of the parallelogram whose vertices are (0, 0), (a, 0), (6, c), and (a + 6, c), 
and thus prove that the diagonals of a parallelogram bisect each other. 

Note. Exercises 35 to 40 inclusive are propositions in elementary 
plane geometry which are to be proved by the use of coordinates in a 
manner similar in general to that indicated in exercise 34. 

35. Prove that the diagonals of a rectangle are equal to each other. 

36. Prove that the mid-point of the hypotenuse of a right triangle 
is equally distant from each of the vertices. 

37. The line joinmg the mid-points of two sides of a triangle is 
parallel to the third side and is half the length of the third side. 

38. The sum of the squares of the sides of a parallelogram is equal 
to the sum of the squares of the diagonals. 

39. The lines joining the mid-points of opposite edges of any quadri- 
lateral bisect each other. 

40. The medians of a triangle intersect in one point which trisects 
each of them. 



CHAPTER II 
GRAPHICAL REPRESENTATION OF EQUATIONS 

9. Variables and constants. 

I. Definition. A variable is a number whose value may 
change^ arbitrarily , or in accordance with some law. 

The speed of a train changes as it gathers headway on leaving 
a station, hence the number which expresses the speed is a 
variable. A stone thrown into the air changes its distance 
from the ground from moment to moment, hence the number 
which expresses this distance is a variable. 

II. Definition. A number ^which does not change in/6dlue 
in the course of any discussion is called a constant. .. 

In analytic geometry the equations employed contain vari- 
ables and constants. The constants are either definite num- 
bers, as 3, I, TT, log 2, V2, etc., or they may be represented by 
letters which stand for quantities whose values are assumed to 
be known in the problem under discussion. 

10. Graphical representation of equations. Examples. 

1. Let a; -h 2/= 2 be an equation in two variables x and y. 
The equation states in algebraic language that two variable 
numbers, x and j/, are so related to each other that their sum 
is always 2. Evidently any value may be assigned to either 
X or 2/, and then the value of the other is determined. Thus 
ifx = 3, 2/=— 1; ifa; = l, 2/ = l; ifa;=— 4, t/ = 6; if 
^ = T> y = "■ il etc. If this be done systematically and the 
results arranged in a table we have, taking at first only integral 
yalqes: 
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X = 


-4 
6 


-3 
5 


-2 
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-1 
3 
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1 
1 


2 




3 

- 1 


4 
-2 


etc. 



Draw a pair of coordinate axes and locate the points which 
have these corresponding pairs of values of x and y as abscissas 
and ordinates respectively, thus obtaining the points Pi, P2, 
• • •, P9, Fig. 14 (a). Through the points thus obtained draw a 
line, as in Fig. 14 (6). This is found to be a straight line. As 
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Fig. 14 



many additional pairs of values of x and y as we please can be 
found from the equation, and the corresponding points located. 
Thus X — \y y — \ satisfy the equation and give the point d; 
x = l+'^, 2/ = l— '^ satisfy the equation and give the 
point Q2; x = — Vt, y = 2 + Vt satisfy the equation and 
give the point Qj. 

If it were possible to construct all of the infinitely many 
points whose coordinates satisfy the equation, we should find 
that they all lie on the line which has been drawn. This straight 
line is therefore a graphical representation (called briefly the 
graph) of the equation a: + y = 2. 

2. Construct the graph of x' — 6x — 4j/ — 5 = 0» 
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First solve the equation for y, thus 

y = ?(a^' - 6a; - 5). 

Assigning values to x, and computing the corresponding values 
of y^ the results are as follows: 
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Plotting the points thus determined it is evident that they 
do not lie on a straight line as was the case in example 1. If 
through the points thus located a curve be sketched smoothly 
the result is as shown in Fig. 15. 




3. Construct the graph of y = x* — 6x' + llx — 3. 



X = - 1 





1 


2 


3 


4 


y = -21 


-3 


3 


3 


3 


9 


point * 


Pi 


P« 


P. 


P* 


Pi 



5 

27 



* The points ( — 1, — 21) and (5, 27) are omitted because the numeri- 
cal values of y are too large to go on the diagram conveniently. 
3 
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The five poiDts Pi, P2, • • • , Ps are shown by heavy dots in 
Fig. 16 (a). From these alone the true shape of the graph is 
uncertain, and some intermediate points must be found. When 



Pit 
Y 



P. 



P. P. P4 

• • • 



I— J L 



(a) 




Fig. 16 



the additional points Oi(0.7, 2.1), QjCi ¥), QaCf, V), Q^ih ¥) 
are plotted in Fig. 16 (6), and the curve drawn through them 
all, the result is as shown in the diagram. 

If still greater accuracy is required, especially in that portion 
of the curve between P2 and P4, more values of x must be 
taken between 1 and 3, and a larger scale must be used. Thus: 



X = 1.2 
y = 3.29 
point Ri 



1.4 


1.75 


2.25 


2.6 


3.38 


3.23 


2.77 


2.62 


Ri 


Rz 


Ri 


% 



2.8 
2.71 



These with the points P2, Pa, P4, Q2, Qz already found are 
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plotted on a larger scale in Fig. 17 and the corresponding portion 
Y 




T 



T 



i-d 



i 






i 



Fig. 17 

of the curve sketched through them. 

ExEBCiSES. 1. Construct the graph of each of the following equa- 
tions 



(a) y = 2a; + 3, 
(6) Zy ^4x + 5, 



(c) X - 2y - 3 = 0, (e) y = x, 

(d) x - 2y H- 3 = 0, {f)y ^ ^ X, 



2. Construct the graph of each of the following equations 



(a) y = 4a:» -f 7, 

(6) x« + 42/ - 2x - 3 

(c) 2/« = X - 2, 



= 0, 



(d) y = x», 

(c) y = x» - 6x« + 11a; - 6, 

(/)y = a;*-x» + 2. 



3. Construct on one diagram the graphs of 3a; + 4y — 5 = and 
3x -f 42/ + 2 =0. What relation do these graphs bear to each other? 

4. Construct on one diagram the graphs of 4y = x* and 42/ = x* + 8. 
In what respect do these two graphs differ? 

5. Construct on one diagram the graphs of 42/ = x* and %y — x*. 
In what respect do these two graphs differ? 

11. Graphical representation of equations, continued. 

The preceding examples show that the construction of the graph 



20 



ANALYTIC GEOMETRY 



[Chap. II] 



of an equation in two variables x and y consists fundamentally 
in finding pairs of corresponding values of the variables which 
satisfy the equation. Points having these coordinates are then 
marked on the diagram, and the curve or graph is drawn through 
them. Care must be taken to use enough values to give the 
curve completely and correctly. The actual labor involved 
may often be considerably reduced by a careful examination of 
the form of the equation before any numerical values are sub- 
stituted in it. The following additional examples will illustrate 
some of the ways in which this can be done. 

1. Construct the graph of ^x^ + 9^/^ = 36. 

It is often well to begin by examining the equation to see 
whether the curve passes through the origin, and by finding 
where it cuts the coordinate axes. In this case the curve does 
not pass through the origin, because the coordinates (0, 0) do 
not satisfy the equation. 

To find where the curve cuts the X-axis, make i/ = in the 
equation and solve for a;, because at each point where the curve 
cuts the X-axis the ordinate is zero. Doing this in the equation 
given above we have x^ = 9, or x = db 3. Hence the curve 
cuts the X-axis at two points A^ A', three units on either side 
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of the origin. By the same reasoning, making x = 0, t/ = ± 2, 
and hence the curve cuts the F-axis at B, B\ two units above 
and below the origin. 

If the equation be solved for y, 



2/ = ± f V9 - x\ 



(i) 



from which the following conclusions are drawn: 

(a) For every value of x there are two equal values of y with 
opposite signs. Hence the curve is symmetrical with respect 
to the -Y-axis. 

(6) Since x occurs only in the second degree, equal positive 
and negative values of x lead to the same values of y. Hence 
the curve is also symmetrical with respect to the F-axis. 

(c) If x^ > 9f y is imaginary. Hence the only values of x 
which make y real lie between — 3 and + 3 and the curve does 
not extend beyond these limits. 

If the equation be solved for x, the result is 



x = ± f V4 - t/2, 



(ii) 



from which, in addition to (a), (6), (c) above, it appears that 
if y^ > 4, a; is imaginary, and hence the curve is included be- 
tween 1/ = — 2 and y = + 2. 

To construct the curve some pairs of corresponding values 
of x and y must be computed. For this purpose either (i) or (u) 
may be used. From the former 



+ 3 




and the resulting curve is drawn in Fig. 18. 

It may be asked what will happen if a value of x greater than 3 
or less than — 3 be substituted in the equation. It has been 
shown that the curve does not extend beyond these limits, yet 



x — 


-3 


-2.7 


-2 


- 1 





+ 1 


+ 2 


+ 2.7 


y = 





±0.87 


±1.49 


±1.89 


±2 


±1.89 


±1.49 


±0.87 
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it is evident that any value we please may be substituted for 
either x or y. Let x = 4 in (i), then the resulting values of y 
are ± f V— 7, a pair of imaginary numbers. Hence the 
corresponding points cannot be constructed. Nevertheless, 
since the two pairs of coordinates (4, + f V— 7), (4, — | V— 7) 
both satisfy the equation they are said to be the coordinates of 
two imaginary points on the curve. 

2. Construct the graph of x^ — y* = a*. 

General Deductions. The curve does not pass through 
the origin; it cuts the X-axis at x = + a, and x = —a, it does 
not cut the F-axis, because when a: = 0, y is imaginary. 

Since x and y are involved only in the second power the 
curve is symmetrical with respect to both axes. 

Since y = zk Vx^ — a^, all values of x between — a and + a 
make y imaginary, hence the curve does not exist in the part 
of the plane between the two lines parallel to F'y at a distance 
a on either side of it. 

Since x = zt Va^ + y^, alF values of y lead to real values of x. 

The curve therefore consists of two distinct portions, one 
lying on the positive side of a; = a, and the other on the negative 
side of a: = — a. 

This equation differs in one important respect from those 
treated up to this point, in that it contains a general constant a^. 
Moreover the equation x^ — y^ = a^ is homogeneous (See A, 
I» (c)) P- vii) in the three letters x, y, a, and therefore since x 
and y represent lengths, a is a length also. When an equation 
contains a- general constant, and is homogeneous in x, y and the 
constant, the best practice in plotting the graph is to assume 
some arbitrary length for the constant, and then take the 
values of X or 2/ as multiples of the constant. Thus if x = 2a, 
y = :h a Vs, and if 2/ = ^a, x = ± ^a Vs. It is easily seen 
that with different assumed lengths for the constant the resulting 
figures will be alike in every respect except size, for the effect 
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of a change in the length assumed for the constant will be 
merely to change all linear distances in the figure proportionally. 
Taking the equation in the form a; = ± w + 2/*, the fol- 
lowing table of values is computed. 



y = 

X = 






\a 


a 


ia 


2a 


3a 


a 


=b 1.12a 


± 1.41a 


=b 1.80a 


± 2.24a 


it 3.16a 



etc. 



For negative values of y the resulting values of x are the same 
as for the corresponding positive values of y. The portion of 



X' 




A^ 




the curve between y = 
3. Plot the graph of 



Fig. 19 



— 3a, and y = + 3a is drawn in Fig. 19. 



^ 3ca; 
^ "" ex* + 2 * 



This equation like that of example 2 contains a general constant 
c, but the equation is not homogeneous in the constant and 
variables. This will perhaps be more clearly seen if the equa- 
tion be cleared of fractions, cx^y + 2y — Zcx = 0. Hence c is 
not a length and some numerical value must be assigned to it 
in order to plot the graph. Let c = f, then the equation 
becomes 5x*y + 4y — 15x = 0. 
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Putting X = the only resulting value of y is y = 0, hence 
the graph passes through the origin and does not have any 
other intersection with the F-axis. Putting 2/ = 0, the equation 
gives X = 0, showing that the graph cuts the X-axis only at 
the origin. It should be noted, however, that as the numerical 
value of X increases indefinitely, the value of y approaches 
zero as a limit. To show this solve the equation for j/, thus 



15x 



5a;« + 4 * 



(0 



Then dividing numerator and denominator by x 



y = 



15 



5x+ - 

X 



(u) 



From (u) it is clear that as the numerical value of x increases 
indefinitely y approaches zero as a limit. Changing the sign of 
X, but not its value, changes only the sign of y. Hence the 
graph is symmetrical with respect to the origin. Using (i) the 
following table of values for x and y is computed. 



X 

y 



-6 


-4 


-3 


-2 


-f 


- 1 


-i 


—fh 


-♦ 


-if 


-f 


-M 


-t 


-V 


-0.58 


-0.71 


-0.92 


- 1.25 


- 1.48 


- 1.67 


- 1.43 





etc. 




The resulting graph is drawn in Fig. 20. 
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It will be a valuable exercise to assume different values for c 
in this equation and construct the corresponding curves, noting 
the changes thus produced. These will be especially con- 
spicuous if both positive and negative values of c are taken. 
The student will do well, however, not to consider negative 
values of c until after he has studied example 4, immediately 
following. 

4. Plot the graph of 

" (^ + 2)U-1)- 

Making x — 0, the equation gives y = 0, showing that the 
graph passes through the origin. 

Making y = 0, the equation gives i(i — 2) = 0, or a; = 
and X = 2, showing that the graph cuts the X-axis at (2, 0) as 
well as at the origin. Thus two points and A are located 
on the curve. 

For values of x which make one or three of the four factors x, 
a; — 2, X + 2, 1 — 1, negative, y 
will be negative, otherwise y 
will be positive. For ali values 
of X < — 2 these four factors 
are all negative, hence y is posi- 
tive. To the left of M'M there- 
fore the curve lies above X'X. 
If - 2 < X < (read " x is 
between — 2 and ") x + 2 
is positive, but the other three 
factors are negative, hence y is 
negative, and the curve lies be- 
low X'X between M'M and 
Y'Y. liQ<x< l,yispoaitive, 
because two factors x and i + 2 Fw. 21 
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are positive and the other two negative, hence between Y*Y and 
N'N the curve lies above OX. Similarly if l<x<2, j/is 
negative, so that between N'N and A the curve is below OX, 
and U X > 2, y is positive, and hence to the right of A the 
curve is above OX. 

Special attention must be given to values of x in the neigh- 
borhood of — 2 and +1. As x approaches these values, from 
either side, the corresponding numerical values of y increase 
without limit, and when x = — 2 or +1 the denominator of 
the fraction vanishes, and hence the value of y is undefined. 
This is customarily expressed under such circumstances by 
writing y = « . 

Without any further information the curve can now be 
roughly sketched in, but in order to construct it with accuracy 
the coordinates of a few points must be computed. 



X 

V 



-4 


- 3 


-2J 


-u 


- 1 


-i 


+ 1 


+ « 


+ 2i 


+ 3 


V 


y 


¥ 


-V 


-« 


-1 


1 


-1 


JV 


A 


2.4 


3.75 


6.43 


-4.2 


-1.6 


-0.66 


0.6 


-0.43 


0.18 


0.3 



+ 4 

I 

0.44 



* Y 


N Y 










A- 






I 






t 






. / 






^^^ 


/ 




-^ 


J « — — ^ 


1 




i. i^*— — """ 


t cr - 


x! 7 


o7a X )? 


r ^ — 1 


_j^ 


-— -^^^ 




1 


\ 


i 


1 




_ . . ^ 


I 
























' M^ Y' 


J Y' 
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The part of the curve between these limits is drawn in Fig. 21. 
5. Let the student show that the curve in Fig. 22 is the 
graph of 

x{x - 2) 



!/* = 



(x + 2)(x T- 1) • 



12. The fundamental principle of analytic geometry. 

From the examples discussed in Arts. 10^ 11, it is clear that 
the graph of an equation has the nature of a locus. It is in 
fact the locus of points whose coordinates satisfy the equation. 
Hence the expressions graph of an equaJtion^ and locus of an 
equalion will be used interchangeably in this book. 

Definition. The graph or locus of art equation in two vari- 
ables is thai straight line or curve upon which lies every point 
whose coordinates are pairs of valves of the variables which satisfy 
the equation; and the coordinates of every point on which satisfy 
the equalion when substituied for the variables. 

This definition is the foundation upon which the whole 
structure of analytic geometry is built. The measure of the 
student's apprehension of the principle here set forth will be 
the measure of his success in mastering the subject. 

13. Practical Suggestions. — In following the discussion of 
the examples in Arts. 10, 11, the student will have seen that the 
work does not consist exclusively in determining definite cor- 
responding pairs of values of x and y^ but that it is desirable 
by careful examination of the equation to learn as much as 
possible about the general nature of the graph before under- 
taking the systematic computation of pairs of values of x and y. 
Attention was directed in some of the examples to definite 
methods of procedure by which .this can be done. These 
consist in determining whether the locus passes through the 
origin, where it cuts the axes, whether it has symmetry with 
respect to either axis, or with respect to the origin, the range of 
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values of one variable (if any) which make the other variable 
imaginary, and the values of one variable (if any) which make 
the other infinite. 

Before undertaking to substitute numerical values for x and 
y in the equation it is usually best to solve the equation for one 
of the variables, choosing the one for which this can be done 
more easily. It will sometimes happen that the equation cannot 
be solved for either variable. For example, x^ + y^ — 3x2/ = 0. 
Values of a: or y may then be substituted in the equation as it 
stands, and the resulting equation solved for the other variable. 

From what has been said it may be concluded that no general 
rules of procedure can be formulated which apply to all, or 
even to a majority of cases. The student must depend to a 
great extent upon his own ingenuity, and precisely for this 
reason he will find the plotting of loci, or curve tracing as it is 
called, a valuable exercise, and one which will abundantly repay 
considerable effort to secure some mastery of it. 

Exercises. 1. Construct the graph of each of the following equa- 
tions 

(a) xy = 4, (6) 4a;« + 2/^ = 16, (c) Ax^ - ys = - 36, 

{d) a^s + 2/2 = 2ba\ {e) ay^ = a:», {f)xy^c^ax+y, 

is) 2/» + a:» = 8, {h) 2/* + x* = 16, (i) x* + 2/» - 4a; + 4 = 0, 

2. Construct on one diagram the graphs of the following equations, 
and note the differences in the graphs due to the differences in sign in 
the equations x^ + 2/* = 25, x^ — y^ ^ 25, - x* + 2/* = 25. 

3. Construct on one diagram the graphs of the following equations, 

and note the differences in the graphs due to differences in the values of 

the numerical coefficients 7?-\-if^ = Z% x* + Ay^ = 36, 4x« + 2/* = 36, 
a;2 _|. 4y2 = 25. 

14. Intersection of loci. — Since the graph of an equation is 
the locus of points whose coordinates satisfy the equation, it 
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follows that, if two loci are plotted on the same figure, the 
coordinates of the points where they intersect must satisfy 
both equations. Hence 

Rule. To determine the coordinates of the points of inter- 
section of two loci solve their, equations simtdtaneoiisly for x and y. 

Examples. 1. Find the intersection of the loci of 3x — 7y + 2 = 
and X 4- 2y - 6 = 0. 

Solving the equations for x and y the results are x = f t> ^ = Hi ^^^ 
coordinates of the required point. 

Construct the loci and verify the results from the figure. 

2. Determine the intersections of the loci of a^ + y* = 25 and 
3x -f 42/ = 25. 

From the second equation y = }(25 — 3x), and substituting this 
value in the first the result is 

a:* -h A (25 - 3a:)« = 25, 
which reduces to 

x« - 6x + 9 = 0, or (x - 3)2 = 0, 

a quadratic with ttoo equal roots j x — Z. 

Substituting a; = 3ina:* + y* = 25 gives y = db 4, and making the 
same substitution in Sx -{- 4y — 25 gives y = 4 only. The latter is 
therefore the only value of y which satisfies both equations when a; = 3. 
Each of the two coincident values x = 3 leads therefore to the same 
value of y, viz., y = 4, and the loci are said to meet in two coincident 
points (3, 4). 

Draw the figure and show that the line 3x + 4^ = 25 is tangent to 
the circle a:* + 2/» = 25 at (3, 4). 

15. Solution of equations by intersection of loci. — The 

approximate solution of a pair of simultaneous equations in two 
variables can be obtained graphically from the loci of the equa- 
tions. This method is useful when the algebraic solution cannot 
be conveniently performed. 

For example, let it be required to solve for x and y the equa- 
tions x^ + y^ - 7x + 2y - 3 = and xy + 2x - 4:y - 2 = 0. 
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The loci of these two equations are drawn in Fig. 23. The 
points of intersection are Pi and P2, whose coordinates are 

found by measurement to be ap- 
proximately (2.8, 2.9) and (— 0.4, 
— 0.6). From the principles of al- 
gebra it is evident that there are 
two other pairs of values of x and i/, 
but since the loci intersect visibly 
at Pi and P2 only, the other solu- 
l^s are imaginary. 

Imaginaries in analytic 
try. — In several of the 
ing discussions of this Chap- 
ference has been made to im- 
aginary values of ot'^^^-^^ij^^.^^i Ex. 1, p. 21, Ex. 2, p. 22, and 
the end of Art. 15. These serve to show that imaginary 
points can exist on real loci, which is only a way of stating in 
geometric language that in general an equation in two variables 
can be satisfied by imaginary values of the variables. There 
are also equations whose loci are wholly imaginary, or which 
contain at most only a limited number of real points. 

Definition. An equation which is satisfied by only imaginary 
values of the variahles^ or by at most a finite number of real valves, 
is called the equation of an imaginary locus. 

Three simple types of equations fall under this classification, 
(a) Equations one or more of whose coefficients are imaginary 
numbers. For example 

y^ - (2 + i)x + (3 - 2i)y + 2=0. [i = 4^] 

Putting any real or imaginary value for one variable in this 

equation and solving for the other variable, the result will in 

general be imaginary. If, however, the equation be written in 

the form 

2/2 - 2x + 32/ + 2 - (x + 2y)i = 
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it will evidently be satisfied for values of x and y which make 

2/2 - 2x + 3y + 2 = 0, and x + 2y ^ 

simultaneously.* Solving these two equations therefore, for x 
and y, we find the two pairs of real values x = 7 + Vil, 

2/= -1-1 aSi, and a; = 7-V41, y | + ^Vil, both 

of which satisfy the original equation, and therefore determine 
two real points on the imaginary locus. Moreover, these are 
the only pairs of real values of x and y which can satisfy the 
given equation. 

(6) Equaiions all of whose coefficients are real, hut which are 
not satisfied by any real values of the variables. 

Equations of this type consist of, or can be reduced to an 
even power of a variable term, or the sum of two or more such 
even power^^quated to a negative constant. For example 

{x - 2)2 + T/2 = - 3. 

As the s^^uaj^of a real number is always positive it is clear 
that an equation of this type cannot be satisfied by any real 
values of x and t/. 

(c) Equaiions all of whose coefficients are real, hvl which can 
he satisfied by only a limited number of pairs of real values of 
X and y. 

Equations of this type can be reduced to a sum of even powers 
of variable terms equated to zero. For example x* + ^^ = q 
is satisfied by the single pair of real values x = 0, y = 0. Simi- 
larly 

(x^ - y^y + (2x - y + 4)2 = 

is satisfied by those values of x and y which make x* — y* = 
and 2x — 2/ + 4 = simultaneously. Solving these two equa- 
tions for x and t/, we find x = — 4, y = — 4, and x = — ^, 
y = t> which determine the only two real points on the locus. 

* See IV (c) p. viii. 
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Exercises. 1. Find from the equations the coordinates of the 
points of intersection of the graphs of each of the following pairs of 
equations. Check the results graphically. 

(a) X - 2y + 5 = 0, x2 + y* = 25; Ans. (3, 4), (- 5, 0). 

(6) 2t = a;, 4x2 + 9^2 ^ 25; ^ Ans. (2, =fc 1). 

(c) 162/ - 15x -I- 99 = 0, x2 - \y^ = 16; 

2. Show by finding the coordinates of their points of intersection 
that the graphs of the following pairs of equations are tangent to each 
other. Check graphically. 

(a) X* -I- y2 = 25, 3x + 4j/ - 25 = 0; 
(6) 4x2 ^ 92^2 = 25, 8x + 9y + 25 = 0; 
(c) xy = 4, X + 2/ — 4 = 0; 

3. .Find approximate values graphically for the coordinates of the 
points of intersection of the graphs of the following pairs of equations 

(a) x2 - 42/2 = 4, V--^-^'. W2/^=^^^\ 82/ = ^. 

(6) x2 + 2/* = 25, y' -7? ^^\ 

4. Find the coordinates of the real points in each of the graphs whose 
equations are 

(a) 2/^ + (3 + i)x + (7i - 4)2/ - 3 - 23t = 0; 

Ans. (2, 3), (- 131, 22). 

(6) (2 + t)x + (3i - 4)2/ + 10 - 5i = 0; Ans. (- 1, 2). 

(c) (1 + i)x2 + (1 - i)2/2 - 13 + 5t = 0. Ans. (± 2, ± 3). 

5. Show that there is but one real point on each of the graphs whose 
equations are 



(a) (3 + V-4)x + (5V- 1 - 4)2/ - 6 + 19V^ - 0; 
(6) x2 + i(2/2 + x2) + 2ix2/ - 4x + 4 = 0; 
(c) x2 + 2/2 - 4x 4- 62/ + 13 = 0. 

6. Show that there is no real point on the graph of any of the follow- 
ing equations 

(a) 2x2 + y2 + ix - 2(2 + x)y + 40 - 4i = 0; 

(6) x2 + 2/2 + 4 = 0; (c) x2 + 42/2 - 2x 4- 5 = 0. 
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7. Show graphically that the roots of the following pairs of equations 
are imaginary 

(a) X* + 2/» = 4, a: + y = 4; 

(6) y2 - 4a: + 4 = 0, 2/» + 4a; + 4 = 0; 

17. Functions. — The notation /(x, y) is often used to denote 
in general an expression containing the variables x and y. It is 
read: " function of x and y," or " / of a; and y." Hence /(x, y) 
= is a short way of representing in algebraic language any 
equation in the two variables x and y all the terms of which 
have been transposed to the first member. In a specific problem 
or discussion /(a:, y) may stand for an expression of definite 
form, and when so used it represents the same form of expression 
throughout the discussion. Thus in one discussion we may have 
fi^f y) = a;* + 2/* — a*, in another /(a:, y) ^ 3x + 2y — 6, etc. 

If /(x, y) = x^ " 32/* + 6x — 4, then in the same discussion 
/(a, 6) means the expression obtained by substituting a for x, 
and h for y, hence /(a, 6) = a* — 36* + 6a — 4. Similarly 
/(2, 3) = 2* - 3(3)2 + 6(2) - 4 = 4 - 27 + 12 - 4 = - 15, 
/(I, 0) = P - 3(0)2 + 6(1) -4 = 3, /(o, 0) = - 4, etc. 

18. Composite loci. 

Theorem. // the expression /(x, y) is factorabley the locus 
of the equation /(x, y) = consists of as many distinct lines and 
curves as there are variable factors of f(Xf y). 

Let fix, y) consist of three factors, /i(x, y), f^ix, y), fi(x, y). 
Then the equation /(x, y) = can be written in the form 

/i(a^, y) 'f2(x, y) 'fi(x, y) = 0. (i) 

Any values of x and y which satisfy the equation 

fi(x, y) = 

wiD also satisfy equation (i), and similarly with reference to 
/i(aj| y) = and fz(Xf y) = 0. Hence all points on the three 
4 
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separate loci of 

Siix, y) = 0, /2(x, y) = 0, Sz{x, y) = 

will also be points on the locus of /(a;, y) — 0. 

The same argument holds no matter what number of factors 
/(x, y) may have. The theorem is therefore proved. 

If /(x, y) has equal factors, the corresponding component of the 
complete locus is counted as many times as the factor occurs. 

Definition. A locus which is thv^ made up of separate parts 
is called a composite locus. 

19. Equations containing only one variable—Equations 
which contain only one variable explicitly, for example 2x — 3 
= 0, may always be interpreted as containing the other variable 
also with coefficient zero. For all values of y in the equation 
2a; — 3 = 0, or 2x + Oy — 3 = 0, x has the same value, x = j. 
Hence the locus consists of a straight line parallel to the F-axis 
and l| units on the positive side, because this line contains all 
points having the abscissa f , and any ordinate whatsoever. 

Similarly y^ - 5y - 6 = Oy or (y - Q)iy + 1) = is the 
equation of the two lines parallel- to the X-axis, one six units 
above and the other one unit below this axis. 

Exercises. 1. Construct the complete locus of each of the follow- 
ing equations 

(a) x^ = 2/«, (d) X* -y* = 0, 

(6) x* - 4x2/ + 42/« - 4 = 0, (e) x?/ - 3x + 5i/ - 15 = 0, 

(c) x» + xy« - 4x = 0, (/) x» - 6x« + llx - 6 = 0. 

2. Show that the locus of the equation Aa^ + Bx + C = Oisa pair 
of parallel lines, a pair of coincident lines, or a pair of imaginary lines, 
according as B* — 4AC is positive, zero, or negative. 

4. What is the form of the equation of a line parallel to the X-axis? 
the y-axis? 

5. What is the equation of the X-axis? the F-axis? 

6. Find for each of the following sets of equations a single equation 
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whose locus will be the combination of the loci of the separate equations. 
{a) X =^ y, X = — y. Ans. x* — y* = 0. 

(6) x = 0, X = 4, a; = 6. Ans. x» - lOx^ + 24a; = 0. 

(c) X = 2/, a:« + 2/« = 4, (<i) re* + 2/« = 8, xy + 4 = 0. 

20. Determination of the equation of a given locus. — 

So far in this chapter we have discussed the construction of 
the loci of given equations. The inverse problem of finding 
the equation from the locus, or from its definition, is a vital 
part of the subject. 

Examples. 1. A point moves in a plane so as to be always 
equally distant from the 



points (2, 6), (4, - 2). Find 
•the equation of the locus of 
the moving point. 

Let Pi = (2, 6), and F2 = 
(4, — 2), then we know irony 
elementary geometry that the 
required locus is ABj the per- 
pendicular bisector of P1P2. 
To determine the equation of 
AB take any representative 



Pl(2,«) 




P,U-«) 



Fig. 24 

point P(Xf y) on it. Then by (3), p. 6, the distance 

PPi = V(x - 2)2 + (2/ - 6)2, 
and 



Y 



(t) 



PP2 = V(a: - 4)2 + (2/ + 2)2. 
By the conditions stated these are equal, hence 

V(x - 2)2 + (2/ - 6)2 = V(x - 4)2 + (2/ + 2)2 

which is the required equation. 

Equation (i) may be simplified. Thus squaring and ex- 
panding, it becomes 

x2 - 4x + 4 + 2/2 - 122/ + 36 = a:2 - 8x + 16 + 2/* + 42/ + 4, 

which reduces to a; — 4t/ + 5 = 0. 
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2. A point moves in a plane ro that the sum of the squares 
of its distances from two fixed points in the plane is constant. 
What locus will it describe? 

The problem is stated without reference to any particular 
lines as axes of coordinates. Any two lines in the plane may 
be used for this purpose. The form of the resulting equation 
will depend upon the choice of axes, but the geometric properties 

expressed by the equation 
will be the same in all cases. 
It is best to choose the axes 
so that the resulting equation 
will be as simple as possible. 
In this problem take the 
line joining the two given 
points as X-axis, with the 
origin half way between them. 
Hence let A(c, 0) and B(— c, 
0) be the two given points, 
and P{Xy y) any point on the 
required locus. Then since 
it is given that AP^ + BP^ = A;*, where k^ is a constant, we 
have by (3) p. 6 

(x - cy + y^ + (x+ cY + y^ = J^, 
which reduces to x^ + y^ = ik^ — c*. 

If this be plotted for definite values of k^ and c it will be 
found that the locus is a circle with center half way between 
the given points. 

Exercises. In each of the foUowing exercises find the equation of 
the locus of a point which moves in a plane according to the conditions 
stated: 

1. So as to be always equally distant from the origin and the point 
(2, 4). Ans. X + 2y = 5. 
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2. So that the sum of its distances from (— 2, 0) and (2, 0) is always 
equal to 6. Ans. 5aj* + 9y^ = 45. 

3. So that its distance from the origin is always equal to the flope 
of the line joining it to the origin. Ans. 2/*(l — x^) — x*. 

4t. So that its distance from a fixed point is twice its distance from a 
fixed line. 

5. So that its distance from the point (2, 4) is twice its distance 
from the pomt (— 1, 4). Ans. x* + y* + 4a; — 8y -f 16 = 0. 

Exercises on Chapter II 

Normal Exercises 

1. Ck)nstruct the graph of each of the following equations 

(a) a:« — 2/* = 4o*, (d) y = aa; + 4, 

(b) 2^ = a;(a;» - 9), (e) x^j/* - 4 = 0, 

r.^ ,, - ?(?_Ili) (/)x»-6a; + 5=0, 

^ ^ ^ ~ ^ - 4 ' G7) y = 4. 

2. Find from the equations the coordinates of the points of inter- 
section of the graphs of each of the following pairs of equations 

(a) a:» + ya = 10, x' -\- V* - lOx = 0; Ans. (1, ± 3). 

(6) x« - 2r* = 0, y + 3x - 6 = 0. Ans. (3, - 3), (i f). 

3. Find from their graphs approximate values of the roots of the 
following pairs of simultaneous equations 

(a) y(x» + 5) = 8, y = x* -^ + 2; 

(b) 3^ + xy^ -= 4y 8x« - 2/» = 0. 

4. Determine for each of the following pairs of equations the co- 
ordinates of the points of intersection of their graphs and hence show 
that the graphs are tangent to each other 

(a) j/« = 4x, 2x + 4y + 8 = 0; 

(6) x» - 2/2 = 4, x2 + 2/2 _|_ 2x - 8 = 0. 

5. Find the coordinates of the real points on the graphs of each of 
the following equations 

(a) (2 -h 3t)x + (4 - i)y - 6i - 0, Ans. (V, - ?). 

(6) (1 + i)x 4- (2 - 302/ -6-1=0, Ans. (4, 1). 

(c) x« -h 22/« - 4x - 122/ + 22 = 0, Ans. (2, 3). 

(d) 4x* + 2/« -f 42/ + 4 = 0. Ans. (0, - 2). 
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6. Show that there are no real points on the graph of any of the 
following equations 

(o) a:» + j/» + 4 = 0, (6) 2a:» + Sy* + 4x - 12y + 16 = 0, 

(c) (4 -f i)s^ + 32/» + (3 + 4i)x + 4 + 6i = 0, 

(d) x« + 22/« + ix - 3i2/ + 6 - 7i = 0. 

7. A point moves in a plane so that the ratio of its distances from 
the points (2, 4) and ( — 3, 7) is always as 1 to 3. Find the equation 
of its locus. Ans. 4a:* + 42/* - 21a; - 29y + 61 =0. 

8. Find the equation of the locus of a point which moves in a plane 
so that the slope of the line joining it to the point (2, — 4) is always 
equal to the slope of the line joining it to the point (3, — 5). 

Ans. X + y + 2 = 0. 
General Exercises 

9. Construct the graphs of the following equations 

(a) a: = 2, (/) x* - 4i/* =36, (A;) a:» - y = 0, 

(6) X = 2y, (^) X* - 42/ - 36, (I) yx = a*, 

(c) a; = 22/ + 2, Qi) x* - 42/* = 0, (m) j/x* = o», 

id) X* -i- 2/' = 36, (i) X* - 4 = 0, (n) 2/*(x* - 4) = x*. 

(c) X* + 42/* - 36, U) 2/*(x* - 3x + 2) = x(x + 4), 

10. Construct on one diagram the graphs of the following equations 
X 4- 2/ = 2, X* + 2/* = 4, x» + 2/» = 8, x* + 2^* = 16. 

11. Construct on one diagram the graphs of the following equations 

2^ = 4, 2/ 4- Jx = 4, 2/ + a; = 4, 2/ + 2x = 4. 

12. Construct on one diagram the graphs of the equation y = x + 6, 
for h equal to 0, 2, 4, and — 2 respectively. In what respect do these 
graphs differ from each other? 

13. Construct on one diagram the graphs of the equation xy^ = 1, 
for n equal to — 2, — 1, — J, 0, }, 1, and 2 respectively. What is 
common to all these graphs? What properties are common to the 
graphs with negative values of n? What for positive values of n? 

14. Construct the graph of the equation 2/* = (x — a)(x — l)(x — 4) 
(i) f or a = — 1, (m) for o = 0, {Hi) for a = + 1. 

15. Find the value of A so that there will be only one real point on the 
graph of the equation x* — 4x + 4y* — I62/ + A = 0. Ans. A — 20. 
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16. For what range of values of A will the graph of the equation of 
exercise 15 be entirely ima^gmary? Ans. il > 20. 

17. Find the coordinates of the real points of the graph of each of 
the following equations 

(o) x« + 2/« - 4a; + 4 = 0, Ans. (2, 0). 

(6) (1 + i)x + (1 - i)y = 10, Ans. (5, 5). 

(c) (1 + 2i)x« + (Si - 4)xy + (4 + 2i)y» = 0, Ans. (0, 0). 

18. Determine which of the graphs of the following equations are 
tangent to each other 5x — 4y = 9, a:* — 2/* = 9, a:* + y* = 9, 
x« + y* - 12x + lOy + 20 = 0. 

19. A point moves so that the difference of, its distances from the 
points (2, — 4) and (2, 4) is always equal to 6. Determine the equation 
of its locus, and construct the locus from the equation. 

Ans. 9x« - 72^ - 36a; + 99 = 0. 

20. A point moves so that the slope of the line joining it to the 
point (0, 2) is twice the slope of the line joining it to the point (0, — 2). 
Determine the equation of its locus, and construct the locus from the 
equation. Ans. y = — 6. 

21. A — (2, 4) and B = (— 1, 3) are fixed points. The variable 
point P moves so that the area of the triangle ABP is always equal to 6. 
Find the equation of its locus, and construct the locus from the equation. 

Ans. a; — 3y — 2 = 0, and x — 3y + 22 = 0. 

22. A point moves so that the slope of the line joining it to the point 
(2, 4) is always equal to the square of its distance from the F-axis. 
Find the equation of its locus and construct the locus from the equation. 

Ans. y — 7^ — 2a;* + 4. 

23. Let A = (0, — 2), and let AP, any line through A, cut the 
X-axis at M, If P moves so that MP always equals 3, find the equa- 
tion of the locus of P, and construct the locus. 

Ans. a^^ + (y* - 9)(y + 2)« = 0. 

24. A point moves so that its distance from the origin is always 
equal to four times the cosine of the angle which the line joining it 
to the origin makes with the positive -extension of the X-axis. Find 
the equation of its locus, and construct the locus. 

Ans. a;* -f- 2/* — 4aj = 0. 



CHAPTER III 

THE STRAIGHT LINE 

21. Conditions which determine a straight line.— In plane 
geometry a straight line is said to be determined when its posi- 
tion in the plane is definitely fixed. Elementary geometry 
teaches that a straight line is thus determined by two conditions^ 
properly chosen. For example, a straight line is determined 
when two points on it are given. In this chapter several 
standard forms of the equation of the straight line, determined 
by prescribed sets of conditions, will be derived. 

22. Problem.— To derive 
the equation of a straight line 
in terms of the coordinates of 
two given points on the line. 

Let AB be the straight 
line determined by the two 
points Piixi, 2/1), P2(a;2, 2/2), 
and let P(x, y) be a repre- 
sentative point on AB, Since 
P, Pi, P2 are all on the same 
line AJB, the slopes of PPi 
and of P1P2 are equal. Hence 




Fig. 26 



by (4), p. 7, tjie required equation is 



y - Vi yi- y% 



sc — Xi 



aJl — 052 



(1) 



which may also be written in the form 



y - yi 



vunvi 

a?i — 052 
40 



(a? — fici). 



(2) 



a?i 


Vi 


1 


X2 


y2 


1 


X 


y 


1 
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Either (1) or (2) is known as the two-point form of the equation 
of the straight line. 

If one of the given points, say (xi, yO, is the origin (0, 0), 
equation (2) takes the form 

V = ^^. (3) 

which is the equation of the straight line through the origin 
and another given point. 

The student familiar with the determinant notation can verify 
the fact that equation (1) can be written in the form 



= 0. (4) 



23. Problem. — To derive the equation of a straight line in 
terms of the slope and the coordinates of a given point on the line, 

lit ^^ lit 
In equation (2), Art. 22, the factor on the right is 

the slope m, see (4), p. 7. Hence we may write 

V — Vi = m(Qc — ici), (5) 

which is the required equation. This is known as the slope 

and one-point form of the equation of the straight line. 

If the given point is the origin, xi = 0, 2/1 = 0, and hence 

(5) becomes 

y = maj, (6) 

which is the equation of the line through the origin having the 
slope m. Compare this result with (3) and show by a figure 
that they are consistent. 

Definition. The distances from the origin to the points where 
a line cvis the coordinate axes are called the intercepts. 

The x-intercept, OA, Fig. 27, is designated by o, and the 
{/-intercept, 05, by h. The signs of the intercepts are positive 
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or negative according to the location of the intersections A 
and B with respect to the origin. In the j&gure the intercept 

a = OA is negative, and the inter- 
cept 6 = OB is positive. 

24. Problem. — To derive the 
equation of a straight line in terms 
of the slope and y-intercept. 

Having given the y-intercept, 
OBj Fig. 27, is equivalent to hav- 
ing given the point (0, h) on the 
line, hence the result can . be ob- 
tained from (5) by substituting 




Fig. 27 



^1 = 0, t/i = 6 in that equation. This gives 



or 



y — b = mxy 

y = mx + 6. (7) 

This is known as the slope and ^-intercept form of the 
equation of the straight line. 

25. Problem. — To derive the equation of a straight line in 
terms of its intercepts. 

The coordinates of A and 5, Fig. 27, where the line cuts the 
X' and y-axes are respectively (a, 0) and (0, b). Substituting 
these for (xi, yi) and (x2, 2/2) respectively in equation (1) we 
have ^, _ ^ 



y 

X — a 



a 



which reduces to 



or dividing by ab 



bx + ay = abf 
- + ^ = 1 



(8) 



This is known as the intercept form of the equation of the 
straight line. 

26. Problem. — To derive the equation of the straight line in 
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terms of the length of the perpendicidar from the origin to the 
line and the angle which this perpendicidar makes with OX, 

The length OD of the perpen- 
dicular from the origin to any 
line AB is designated by p, and 
the angle XOD by a. The length 
p is taken as positive for all posi- 
tions of ABf and a is always 
measured around from OX to OD, 
so that, according to the position 
of ABfU may have any value from 
0° to 360^ 

To derive the equation of AB in terms of p and a we shall 
use equation (5), Art. 23, because both the slope m, and the 
coordinates of D, a point on the line, can easily be expressed in 
terms of p and a. Thus 

m = tan OAD = cot DOA = — cot a, 

and if D » (xi, yi) then for all positions of AB 




« 



Xi = p cos a, yi = P sm a. 

Substituting the values from (i) and (u) in (5), we have 

2/ — p sin a = — cot a(x — p cos a). 

Multipl3dng by sin a this becomes 

y sin a — p sin' a = — cos a(x — p cos a), 

= — a; cos a + p cos' a. 

X cos a + y Bin a — p(sin' a -|- cos' a) = 
or 



(w) 



(9) 



05 COS a + y sin a — j> = 0, 

which is the required equation. 

This is known as the normal form of the equation of the 
straight line. 
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27. Recapitulation. — For convenience of reference the prin- 
cipal forms of the equation of the straight line are here repeated. 

Two-point form y — y\ = — — {x — xi). (2) 

Slope and one-point form y — yi = fw(x — oci). (5) 

Slope and ^/-intercept form y = tmc + b. (7) 

Intercept form — |- s =. j, (g) 

Normal form oc COS a + y sin a — p ^ ^. (9) 

Exercises. In each part of exercises 1 to 4 first construct the line 
determined by the given quantities. Then write its equation, using 
the appropriate formula from those given above. Finally reconstruct 
the line from the equation, and see whether it coincides with the figure 
first drawn. 

1. (a) Two points (2, 3), C- 5, - 1). Ans. 4a: - Tj/ + 13 = 0. 

(6) a = - 3, 6=2. (c) w = - 2, 6 = 1. 

{d) w = f , one point (2, - 5). («) P = 3, a = 60**. 

2. (a) m = - t, one point (- 2, - 1). (6) p = 3, a = 210**. 
(c) w = — J, 6 = — 2. Ans. a? + 2^/ + 4 = . 

id) Two points (- 6, 2), (3, - 4). (e) a = 2, 6 = 3. 

3. (a) a = 6, 6 = 5.- (6) m = — 1, one point (3, 0). 
(c) p = 3, a = 135**. Ans. a: - y + 3'nS = 0. 

{d) Two points (0, 0), (- 4, 7). (e) m = f , 6 = - 3. 

4. (a) m = 1, 6 = 3. (6) Two points (5, 3), (2, - 3). 
(c) p = 3, a — 315®. (d) m = }, one point (0, 0). 

(e) a = - 3, 6 = - 5. Ans. (6) 5x + 3i/ + 15 = 0. 

5. Construct the line for which p = 2, and a = 0°. What are the 
values of m, a and 6 for this line? Ans. m=oo,a = 2, 6=oo. 

6. Construct the line for which p = 2, and a = 180°. What are 
the values of m, a and 6 for this line? Ans. m= oo,a= — 2, 6= oo. 

7. Construct the line for which p = V2, and a = 225°. What are 
the values of w, a and 6 for this line? Ans. w = — l,a = 6= —2. 

8. Derive the slope and y-intercept form of the equation of a straight 
line directly from a figure. 
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9. Derive the intercept form of the equation of a straight line 
directly from a figure. 

28. The parameters of a straight line. 

Definition. The constants m, a, 6, p, a used in equations 
(5), (7), (8) and (9) are caUed parameters or determining 
constants of the straight line. 

For every straight line these parameters have definite values. 
The following equations express some of the relations connecting 
them. 

I. m = — cot a. For proof see p. 43, equation (i). 

II. m = . This is proved by Fig. 27, because 

OB b 

since OB = 6, and AO = — OA = — a. 

a 

III. tan a = T. This follows from I and II. 

These relations between the parameters serve to emphasize 
the fact, otherwise evident, that the five parameters of a straight 
line are not independent quantities. In fact arbitrary values 
can never be assigned to more than two of them. 

29. The straight line referred to oblique axes. 

Let ABf Fig. 29, be a straight line determined by the points 
Pi(xiy yi)f Paixzf 2/2) referred to oblique axes, and let P be a 
representative point on AB. Draw MP, Af iPi, M2P2 parallel 
to OY, and PiK, P2K1 parallel to OX. Then the triangles 
PiKP and P2K1P1 are similar, and 

KP KiPx 



But 



PxK 


P2Ki • 


Kl^l 


KP = y- yi, 


PiK = X - xi, 


(w) 


KiPi = 2/1 - 1/?, 


P2K1 = Xi — X2» 


(m) 
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Hence, substituting from (u) and (iii) in (t), 

y - Vi ^ Vi - 1/2 

X — Xi Xi — Xt 

from which it is seen that the two-point form of the equation 
of the straight line is the same whether the axe^ are oblique or 




Fig. 29 

rectangular. The same therefore is true of the intercept form, 
which is only a special case of the other. In other words equa- 
tions (1), (2), (3), (4), Art. 22, and (8), Art. 25, can be used 
with both rectangular and oblique axes. 

The same is not true with regard to those forms of the equa- 
tion of the straight line which involve the slope. Let « be the 
angle between the axes and $ the angle which AB makes with 
OX, Then from the triangle PiKP 



where 



KP ^ sin KP iP 
PiK " sin PiPK ' 

KPiP = 6, and PiPK = « 

hence, substituting from (u) and (v) in {iv), 

y — yi ^ sin $ 

X — Xi sin (co — 0) ' 



-0, 



(iv) 



(») 
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or 

Bind , . ,^^- 

sm (« — u) 

which is the form of the equation corresponding to (5) when the 
axes are oblique. 
Similarly 

y = nx +h, where n = - — —, (11) 

sm {o> —0)' 

will be the form corresponding to (7). 

30. Two fundamental theorems. 

I. To every straight line corresponds an eqvxilion of the first 
degree in two variables. 

This has been proved in the foregoing discussion. Each 
form of the equation of the straight line has been found to be 
of the first degree in two variables. 

II. Conversely J every equation of the first degree in two variables 
is the equation of a straight line. 

Let Ax + By + C = be any equation of the first degree 
in two variables, where Ay B, C are constants which can have 
any finite value, including zero, except that A and B cannot 
both be zero. 

If J5 4= the equation can be transformed into 

A C 

y=-B^-B 

by transposing and dividing by B, It is now in the form 
y = mx + by hence it is the equation of the straight line 
whose slope m is — (A/B)y and whose t/-intercept 6 is — (C/B). 
s If B = Oj the equation takes the form Aa; + C = 0, or 
x = — {C/A)y which is the equation of a straight line parallel 
to the y-axis. See Art. 19. 

31. Reduction of the general equation Ax + By + C 
= to the forms (7), (8), (9). 
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It has been shown immediately above how to reduce Ax + By 
+ C = to the form (7), y = mx + 6. 
Similarly to reduce the same equation to the form (8), 

--h^=l 

transpose the absolute term to the right, and divide by — C. 

This gives — ^ + -^-^ = 1. 

Then dividing numerator and denominator of the two fractions 
by A and B respectively, 

= 1, 



-c + 


V 

c 


A 


B 



which is in the required form. 

Example. The equation 3x — 2y + 8 =0 when solved for y be- 
comes y = ix -\- 4. It is now in the form y = mx + 6, so that 
m = I, 6 = 4. 

To reduce the same equation to the form (8) we have successively 

3x - 2y = - 8, - fx -h iy = 1, 

and -£_ + I = 1, 

so that a = — }, 6 = 4. 

Theorem. To reduce the equation Ax + By + C = Q to the 
form (9), X cos a + y sin a — p = 0, divide by + VA^ + B* if 
C is negative f or by — VA* + B^ if C is positive. 

Trigonometry teaches that two numbers are the sine and 
cosine of an angle when, and only when, the sum of their squares 
is unity. Hence to reduce Ax -\- By + C = to the form 
X cos a + y sin a — p = it must be divided by a number such 
that the sum of the squares of the resulting coefficients of x and 
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y shall be unity. Let k be this number. Then 

wh^re A; is to be chosen so that 

a)'+(f)'-'- 

Solving (u) for k it is found that 

k = dL VA« -h B«. (tti) 

Hence, substituting from (m) in (i), 

^ ^ C ^ ... 



which is in the form x cos a + 2/ sin a — p = 0, provided the 



sign of the radical xA^+B^ is chosen so as to make 



^|A*+B* 



a negative number. That is, if C is positive, VA* + B^ must 
be taken with the negative sign, and vice versa. Thus the 
theorem is proved. 

The student should make careful note of this theorem, as the 
normal form of the equation of the straight line is the form 
most conveniently used in solving an important class of problems. 

Exercises. 1. Construct the locus of each of the following equar 
tions. Reduce each equation in succession to the forms of equations 
(7) I (8), (9). Determine the values of w, a, 6, p, a, and verify the 
results so obtained by reference to the figure, 
(a) 2x - 2/ - 5 = 0, (/) 3y - 4a; - 5 = 0, 

(6) 3a; + 4y - 15 = 0, ((/) 2/ + 2a; + 7 = 0, 

(c) X - 2y + 6 = 0, {h) 5y - 5a; + 12 = 0, 

(d) 5x + 12y -f 13 = 0, (i) by - 12a; - 13 = 0, 

(e) 6a; - 5y + 2 = 0, 6) y + 3a; -f- 2 = 0. 

Ans. (a) 2/ = 2:c-5, |+-iL = i, ^^ "^ " ^ » 0, 

m « 2, a = I, 6 = — 5, p = V5, sin a = — J V5, cos a » f Vs. 
5 
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2. Show that y = m(x ^ a) is the equation of a straight line in 
terms of the parameters m and a. 

3. The vertices of a triangle are (2, 7), (5, — 3), (— 3, 2), find the 
equations of the three sides. 

Ads. lOx + 3y - 41 =0, x - 2/ + 5 = 0, 5x -f 8y - 1 ^ 0. 

4. The equations of the three sides of a triangle are 7x — 4y — 1 =0, 
8x + 3y — 39 = 0, X + 72^ 4- 15 = 0, find the coordinates of the 
vertices, and the equations of the medians. 

Ans. (3, 5), (- 1, - 2), (6, - 3), 15x - y - 40 = 0, Ox - lly 
- 10 = 0, 9x + lOy - 24 = 0. 

5. What series of straight lines is represented by equation (8) if a 
remains fixed in value, and h takes all possible values? 

0. If in equation (9) p remains constant and a takes all possible 
values what series of lines will be produced? 

7. What relation will hold between the coefficients A, B, C of 
the equation Ax -\- By -\- C — Oy U 

(a) the X- and j^intercepts are equal? Ans. A = B. 

(6) the line makes an angle of 45° with OX? Ans. ii = — B. 

(c) the line is tangent to the circle of radius r with its center at the 

origin? Ans. C» = r*{A* + B»), 

(d) the line passes through the origin? 

(e) the line passes through the point (— 1, 1)? 
(/ ) the line makes an angle of 135** with OX? 
(g) the x-intercept = 2p? 

32. The angle between 
two straight lines. 

Definition. The angle 
which a straight line makes 
with a second line is the 
angle through which the sec- 
ond line must he turned, in 
the positive direction of rota- 
tiony to bring it into coinci- 
dence with the first line. 
Fig. 30 According to the definition 
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the angle which AB makes with CD is the angle DPB (or the 
angle CPA), but the angle which CD makes with AB is the 
angle BPC (or APD), 

Theorem. // <t> be the angle which line AB, vnth slope mi, 
makes with line CD, with slope W2, then 

tan = J—. . (12) 

Let y = niix + 61 be the equation of AB, and y = mzx + 62 
that of CD, and let the angles which these lines make with X'X 
be ^1 and 62 respectively. Then wii = tan ^1, and 7/12 = tan 62. 

From the figure = CPA = di — 62,^ hence 

. , . ,^ a^ tan ^1 — tan 62 , Wi — W2 

tan <b = tan (^1 — ^2) = :; — :— ; tt-. tt = z — ; , 

1 + tan ^1 tan 62 1 + mim2 

whicfi was to be proved. 
33. Theorems relating to parallel lines. 

I. If two straight lines are parallel their slopes are equal, 

II. The equation of the straight line parallel to a given line 
y = mx + h, and passing through a given point {xi, yi) is 

y — yi = m{x — aci). (13) 

Compare with (5), Art. 23. 

III. The lines Ax + By + C = 0, and A'x + B'y + C = 
are parallel if A/B = A^/B^, 

The slopes of these two lines are respectively — (A/B) and 
— {A' IB'), see Art. 30. The lines being parallel these are equal. 

It follows that two equations which differ only in their 
absolute terms represent parallel lines, for example 

Ax+ By + C = 0, and Ax + By + D = 0. 

IV. The equation of the straight line parallel to Ax + By 
+ C = 0, and passing through (xi, y\) may also he vrritten in the 

form 

A(x - xi) + B{y - yi) = 0. (14) 
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Equation (14) represents a line parallel to Ax + By + C = 
because the coefficients of x and y in the two equations are the 
same^ and it passes through the point (xi, ^i) because the equa- 
tion is satisfied when these values are substituted for x and y. 

34. Theorems relating to perpendicular lines. 

I. // two straight lines are perpendictdar to each other, the slope 
of one is the negative reciprocal of the slope of the other. 

If two lines are perpendicular the angle ^ in equation (12), 
p. 51, is 90^, hence tan = °o , and therefore the denominator 

of the fraction - — ; is zero. That is 1 + miwii = 0, and 

1 "i- fHiins 

hence 

fn% = 9 and mi = . (15) 

From this it follows that: 

II. The equation of the straight line perpendicidar to y = mx 
+ b, and passing through (xi, yi) is 

III. The two lines Ax + % + C = OandA'x + B'y + C'= 
are perpendictdar if A A' + BE' = 0. 

The slopes of these two lines are — {A/B) and — {A' IB'), 
respectively, see Art. 30, hence if they are perpendicular we 
have by (15) - (A/5) = {B'jA'), 

or AA' + BB' = 0. (17) 

It follows from (17) that two equations Ax + J5y + C = 0, 
Bx — Ay + D = Oy in which the coefficients of x and y are 
interchanged and the sign of one of them is changed, always 
represent perpendicular lines. 

IV. The equation of the line perpendicular to Ax + By + C =0 
and passing through (xi, yO is 

B{x - xi) - A{y - yi) = 0. (18) 

The formal proof is left to the student. 
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Exercises. 1. Detennine the tangent of the angle between each 
of the following pairs of lines. 

(a) 3x - y + 16 = 0, x + 2y - 7 = 0. Ans. ± 7. 

(6) 2^ - a: = 0, 7x + 12y + 2 ^ 0. Ans. db V- 

(c) x + Sy + 6 = 0, 5x+2y + l--0. 

2. (a) Find the equation of the line which passes through the point 
(1, 2) and is parallel to 3x — y — 7 =0. Ans. Zx — y — I =0. 
(6) Also through (0, 0) parallel to 7a; + 3^ + 8 =0. 

Ans. 7x + 3y = 0. 
(c) Also through (7, — 1) parallel to 3x — y — 6 = 0. 

3. With the data of Ex. 2, find the equation of the straight line 
which passes through each given point perpendicular to the given line. 

Ans. (o) X + 3y - 7 = 0, (6) 3x - 7y = 0, (c) x + 3i/ - 4 = 0. 

35. Perpendictilar distance to a given point from a 
given line. 

Theorem I. The perpendicular distance to the point (x\ y') 
from the line x cos a + y Bin a — p = Q is numerically equal to 
the expression x' cos a + y' sin a — p. 

Let "P^x^ y') be the given point, and AB the given line, 
X cos a + y sin a — p = 0. Then 

OL = p, and XOL = a. (i) 

Draw MN through parallel to AB, There are two cases. 

I. When the point P and the line AB are both on the same 
side of ilf JNT, as in Fig. 31. Through F draw CD parallel to AB. 




JN ^SP OX 



Fig. 31 
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The parameters of the equation of CD in the normal form are 
a = XOKy the same as for AB, and OK = p'. Hence the equa- 
tion of CD in the normal form is 

X cos a + y sin a — p' = 0. (u) 

Since CD passes through the point P the coordinates of P will 
satisfy equation (u), hence 

x' cos a + 2/' sin a — p' = 0, 
or 

p' = x' cos a + y' sin a, (m) 

hence p' is known, since a;', y', and a are known. 

The length of the required perpendicular is QP^ and from 

Fig. 31 

QP = LK = LO + OK-=OIi.- OL, 

hence from (i) and (m) 

QP = p' — p = x' cos a + t/' sin a — p. (iw) 

II. When the point P and the line AB are on opposite sides 
of MNf as in Fig. 32. As before draw CD through P parallel to 
ABy and LOK through perpendicular to CD. Then 

QP = L0 + OK, (v) 

Y 




Fig. 32 
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Denote the length of OK by p\ The figure shows that the 
length of QP is numerically equal to the sum of the lengths LO 
and OKy and therefore since from (i) LO = — p, OK must 
also be taken with the negative sign, hence from {v) 

QP ^ -p^p\ (vi) 

Since angle XOK = 180° + a, where a = XOL, the param- 
eters of CD are 180° + a and p% and the equation of CD is 

X cos (180° + a) +y sin (180° + «) - p' = 0, 
or 

— X cos a — y sin a — p' = 0. (vii) 

The point P is on CD, therefore its coordinates {x\ y') will 
satisfy (m), and hence 

— x' cos a — 2/' sin a — p' = 0, 
or 

p' = — (x' cos a + y' sin a). (mi) 

Finally from (vi) and (mi) 

QP = x' cos a + 2/' sin a — p, 

In every case therefore the numerical value of the length d 
of the perpendicular to a point (x', y^) from the line 

X cos a + y Bin a — p = 

is 

<f = a/ COS a + i/ sin a - p. (19) 

Sign op the Perpendicular. From (it;) under Case I it is 
seen that QP is + or — according as p' > p, or p' < p. There- 
fore QP is positive when P is on the opposite side of AB from 
the origin, negative when P is in the part of the plane between 
AB and MN, in other words when the origin and P are on the 
same side of AB. When MN is between P and AB, QP is 
always negative, as appears from (vi). In this case the origin 
and P are always on the same side of AB. In other words: 
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Theorem II. The perpendicvlar d from the line AB to the 
point P is positive when P and the origin are on opposite sides of 
AB, and negative when P and the origin are on the same side of AB. 

Theorem III. The perpendicular distance to the point {x\ y') 
from the line Ax + By + C = is 

Ax' + By' + C 

where the sign of the radical is determined a^ in Art. 31. 

The equation of a line in the form Ax + By + C = is 
reduced to the normal form by dividing by ± Va* + B^, 
where the radical is to be given the sign opposite to that of C, 
as shown in Art. 31. When this division has been performed, 
we have from (19) 

a = ^^+M±^. (20) 

Example. What is the perpendicular distance from the line 3a; 
- 4y + 10 = to the point (2, - 1)? 
By formula (20) the result is 

, 3(2) - 4(- 1) + 10 6 + 4 + 10 



-5 -5 



= -4. 



Note that we divide by - VA* + JB» = - >te + 16 = - -nSs, 
because C = +10; also the result being — 4, the distance from the 
given line to the given point is 4 units, and the point is on the same 
side of the line as the origin. 

Theorem IV. Ax + By + C = being any straight liney 
i^h yi)i (^2, 2/2), (iny two points not on the line^ will lie on the same 
side or on opposite sides of the line according as the two numbers 
Axi + Byi + C and Ax2 + By2 + C have like or unlike signs. 

The proof is left to the student. 

Examples. 1. Are the points (6, 2), (—5, 1) on the same or 
opposite sides of the line dx — 2y + 7 = ? 



-J 
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Substituting the coordinates of the given points in the left-hand 
side of the given equation the results are 3(6) — 2(2) + 7 = 21, 
3(— 5) — 2(1) +7 = — 10, hence the points are on opposite ddes of 
the line. (Theorem IV.) 

In the exercises which follow draw the figure in every case. 

2. Find the length of the perpendicular from 

(a) 3a; - 4y - 7 = to (2, 3), (c) x - 5y - 6 = to (- 3, 0), 

. (6) 12x + 5y + 8 = to (1, - 4), (d) 2x - 3y + 7 = to (0, 4). 

Ans. (a) - V, (&) 0, (d) -f AViS. 

3. In each of the following cases determine whether the given points 
are on the same or opposite sides of the given line. 

(a) (2, 3), (8, - 6), 3a; - 42/ - 7 = 0. 
(6) (1, - 2), (- 2, 1), 7x - 5y + 6 = 0. 
(c) (5,1), (-2,3), XH-22/-9 =0. 

4. Find the lengths of the three altitudes of the triangle whose 
vertices are (6, 2), (3, - 5), (- 1, 7). Ans. HV58, HV74, iVTo. 

36. Lines through the intersection of two given lines. 
Theorem. The equation 

Ax + By+ C + kiA'x + -B'y + C) = 0, (21) 

where k is any constant, is the eqiLation of a straight line passing 
through the intersection of the two lines Ax + By + C = and 
A'x + B'y + C = 0. 

Equation (21) is the equation of a straight line because it is 
of the first degree in the variables x and y. 

Let {x\ y') be the point of intersection of the two given lines, 
then their equations will both be satisfied for a; = x' and y = y'. 
Hence Ax' + By' + C ^ and A'x' + B'y' + C = 0. There- 
fore equation (21) is satisfied for x = x' and y = t/', and hence 
is the equation of a line which passes through (x', y'). 

The number k in equation (21) is called the undetermined 
parameter of the line. By assigning the proper value to k, the 
Une can be made to satisfy one other condition besides passing 
through the intersection of Ax + By + C =^ and A'x + B'y 
+ C = 0. The exercises worked below illustrate this. 
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Exercises. 1. Determine the equation of the line which joins the 
origin to the point of intersection of the two lines x — 5y — 6 = and 
7x + 2y + 3 = 0. 

From (21) the equation of any line through the intersection of the 
two given lines will be 

a; - Sy - 6 + k^x + 2?/ + 3) - 0. (i) 

Since this line is to pass through the origin (0, 0) the values x = 0, 
y = must satisfy its equation. Substituting in (i) -- 6 + 3fc = 0, 
or A; = 2. This value of k in (t) gives 15x — y = for the required 
equation. 

2. Find the equation of the line passing through the intersection of 
2a;. — 5y — 8 = and 3a; -j- 2y — 9 = 0, and perpendicular to 5a; — Zy 
+ 12 = 0. 

By (21) the required equation has the form 

2a; - 5y - 8 + A;(3a; + 22/ - 9) = 0, 
or 

(3A; + 2)x 4- (2A; - 5)2/ - 9A; - 8 = 0. (it) 

The slope of the line whose equation is {ii) is — [(3A; -|- 2)/(2A; — 5)], 
and the slope of 5x — 32/ + 12 = is f . Hence by (15), p. 52, if the 
two lines are to be perpendicular 

— ^t; K = — -r , from which A; = — ^ . 

£Ki ^ o o 

Substituting this value of A; in (it) the result is 

57x + 952/ - 153 = 0. 

3. Determine the equations of the lines passing through the inter- 
section of 7x + 22/ — 9 = 0, X — 32/ + 2 = 0, and also 

(o) passing through the point (2, 3), Ans. 2x — y — 1 = 0. 

(6) having the slope f , Ans. 2x — 3y + 1 =0. 

(c) parallel to 2x + 52/ + 6 = 0, 

(d) perpendicular to 2x + 52/ + 6 = 0. 

37. Imaginary points and lines. 

I. Definition. Two imaginary points whose coordinates differ 
only in the signs of the imaginary parts are called conjugate 
imaginary points. 
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For example, (2 + 5i, 3 + Si) and (2 — 5i, 3 — Si), are a 
pair of conjugate imaginary points. 

II. Theorem. // an imaginary point lies on a real line 
Ax + By + C = 0, then the conjugate imaginary point lies on 
the same line. 

If (a + 6t, c + di) is a point on Ax + -By + C = 0, then 

A{a + U) + B{c + di) + C = 0, 
or 

Aa + Bc + C + i{Ah + Bd) = 0, (t) 

hence 

ilo + Be + C = 0, and A6 + Bd = 0. (u) 

See IV (c), p. viii. 

Then from (u) it must also follow that 

Aa + Bc + C " i{Ah + Bd) = 0, 
or 

A(a - bi) + B{c - di) + C = 0. 

Hence the point (a — bi, c — di), conjugate to (a + bi, c + di), 
also satisfies the equation Ax + By + C = 0. 

III. Theorem. On every imaginary line there is one and only 
one real point. 

Let 

(pi + qii)x + (pi + qii)y + ps + g«i = 

be the equation of an imaginary line. This equation may be 
written in the form 

Pix + piy + Pj + i{q\x + qiy + q%) = 0. (m) 

In general there will be one and only one pair of values of x 
and y which satisfy simultaneously the two equations 

P\X + pty + ps = 0, qix + qiy + g, = 0, (w) 

and these values are always real. They will also satisfy {Hi), 
hence they are the coordinates of the only real point on the 
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imaginary line (in). This point is the intersection of the two 
real lines whose equations are given in (iv). 
Special Cases. If in (ui) 

Hi = 2? = fc, and ^ + ifc 

the two corresponding equations (iv) will not be satisfied by 
finite values of x and y. In that case the real point on the 
imaginary line (Hi) is said to be at infinity, and the real lines 
(iv) are parallel. 

If Hi = H! = H! . fc, 

qi q2 qz 

then pi = kqif pt = kqty pz = kqt. These values substituted in 
(Hi) give 

Hqix + qiy + q%) + i(qix + q^y + q^ = 0, 

from which, dividing by A; + i, we have 

q\X + q^y + ga = 0, 

so that in this case the line (Hi) is not an imaginary line. 

IV. Definition. Imaginary lines whose equations differ ordy 
in the signs of their imaginary terms are called conjugaJte imaginary 
lines. 

For example 

(pi - q\i)x + (p2 - q2i)y + Pz — qzi = (») 

is the conjugate of the line whose equation is (Hi), 

The coordinates of the real point which satisfy (Hi) will also 
obviously satisfy («), hence: 

V. Theorem. A pair of conjugate imaginary lines meet in a 
real point. 

By III above, this is the only real point on either of them. 

38. Higher equations which represent straight lines. 
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It was shown in Art. 18 that if the equation /(x, y) = can 
be expressed in the form 

/i(aJ, y)'h{x, y)'fz{Xy y)--- =0, (i) 

the locus corresponding to /(x, y) = consists of all the separate 
loci corresponding to 

fiixy y) = 0, /2(x, y) = 0, fi{x, y) = 0, etc. (u) 

Hence if /(x, y) ^ is of the nth degree in x and y, and the 
equations (w) are all of the first degree, the equation f{x, y) = 
will represent n straight lines. These n lines will not necessarily 
be all distinct nor all real for some of the factors in (u) may be 
equal to each other, and some may be imaginary. 
For example the equation 

(x - 3y + 2y{x^ - y^){x^ + y') = 

corresponds to two coincident real lines a; — By + 2 = 0, two 
other real lines x + y = 0, x— y = 0, and the conjugate 
imaginary lines x + iy = Oy x — iy = 0. 

Exercises on Chapter III 
Normal Exercises 

1. Find the equation of the straight line determined by each of the 
following sets of quantities 

(a) Two points (- 2, 4), (3, - 7), (d) a = - 3, 6 = 5, 
(6) m = - i, 6 = - 3, (e) p = i, « = 30**. 

ifi) m — — 2, one point (—2, 5), 

2. Find the equation of the straight line determined by each of the 
followiQg sets of quantities, the angle between the axes being 60° 

(o) Two points (- 2, 4), (3, - 7), (c) e = 30**, 6 = 4, 
(6) e = 30**, one point (- 2, 5), (d) a = - 3, 6 = 5. 

Ans. (6) X — y + 7 = 0. 

3. Find the parameters a, 6, p, m, and a of the following lines 

(a) 2x + 4j/ + 7 = 0, (c) X + y = 0, 

(6) 5x - 6y = 10, id) y = 2. 
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4. Find the angle which line (a) of Exercise 3 makes mth each of 
lines (6), (c), and (d). 

5. Find the equation of the two lines which pass through the i>oint of 
intersection of the lines 3a; — 4y — 18 = and 2x + y — 1 =0 and 
which are respectively parallel and perpendicular to the line x -\-Sy 
— 9=0, (a) by using the coordinates of the point of intersection, 
(h) without finding the point of intersection. 

6. Find the distance of each of the points (—2, 0), (0, 4), (2, 1), 
(- 2, - 4), (2, 4), from the line 3j; - 4y - 8 = 0. Which of these 
points are above the given line? Which below? Which are on the 
same side of the line as the origin? 

7. Find the coordinates of a pair of conjugate imaginary points 
lying on the line 4x — y -f- 2 = 0. 

8. Find the coordinates of the real point which lies on the imaginary 
Ime (4 + i)x - (3 - 2i)y - (20 - 6i) = 0. What is the equation 
of the conjugate imaginary line? What are the coordinates of the point 
of intersection of these two imaginary lines? 

9. Construct the loci of the following equations, and find the 
equation of each separate part of each locus 

(o) x« - 2/« - 4a; + 4 = 0, (6) a;* - 42/* = 0, (c) x* - y* = 0. 

General Exercises 

10. Given the vertices (4, 3), (2, — 2), (— 3, 4) of a triangle, find 
the equations of the sides and of the medians, and the coordinates of 
the point of meeting of the latter. This point is called the centroid of 
the triangle. Ans. Centroid = (1, }). 

11. Determine h so that the line y = mx + b shall pass through the 
point (xif yi)j and hence derive equation (5), p. 41. 

12. Given the vertices (1, 9), (11, — 3), (—3, — 1) of a triangle, 
find the equations of the perpendiculars from each vertex to the opposite 
side. Find also the lengths of these perpendiculars, and the coordinates 
of their point of intersection. This point is called the orthocenter of 
the triangle. Ans. Orthocenter = (— lV> i^)- 

13. Given kx + 3y + S =0, where A; is an undetermined param- 
eter. Determine k so that ^he line shall (a) pass through (—2, 3), 
(6) be parallel to OX, (c) have slope |. Ans. (o) k — ^, 

14. Given 7x + 2y + k =0, where A; is an undetermined parameter. 
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Determine k so that the line shall (a) pass through point (3, — 1), 
(6) have a - 6 + 3, (c) have p = 2. Ans. (6) fc = ^. 

15. Given the vertices (5, 3), (— 3, 1), (2, — 6) of a triangle, find 
the equations of the perpendicular bisectors of the three sides, and the 
coordinates of their point of intersection. This point is called the 
circumcenter of the triangle. Ans. Circumcenter = (|f , — ^). 

16. Given the two Imes 3a; - 5?/ + 6 = 0, 2x + 2/ - 9 = 0. Find 
the equation of the line which passes through the point of intersection 
of these lines (without finding the coordinates of this point), and which 

(a) passes through the point (— 6, 1). (*;) is parallel to OY, 

(&) is perpendicular to 5x + 2y — 7 = 0. (/) has p = 3. 

(c) is parallel to 3a; + y — 17 = 0. (g) has 6=4. 

{d) has its x-intercept twice its 2/-intercept. {h) has a == 90**. 

17. The three sides of a triangle are 5a; — 3|/ + 22 = 0, 6a; + by 
— 8 = 0, a; -j- 82/ + 13 = 0, find the equations of the perpendiculars 
from the vertices to the opposite sides, and the coordinates of the 
orthocenter (see Ex. 12), withoul finding the coordinates of the vertices 
of the triangle. Ans. Orthocenter = (— Y^, JJ). 

18. Show that the equations of the bisectors of the two pairs of 
vertical angles formed by the lines Ax -\- By -\- C — Oj A^x -\- B'y 
+ C = are 

Ax+By-\-C , A'x + B'y + C 



VA« + B* VPT^* 



= 0, 



and prove that these two bisectors are perpendicular to each other. 

19. The three sides of a triangle are 3x + 4^/ — 10 = 0, 8a; — 6y 
-f 3 =0, 12x + 5y + 15 =0. Find the equations of the bisectors of 
the three angles of the triangle, and the center of the inscribed circle. 

Ans. (- JJ, fi). 

20. Prove that the medians of any triangle meet in one point. [Use 
oblique axes, taking two sides of the triangle as axes of coordinates.] 

21. Prove that the perpendicular bisectors of the sides of a triangle 
meet in one point. [Take the base and the perpendicular to it at one 
extremity as axes of coordinates.] 

22. Prove that the perpendiculars let fall from the vertices of a 
triangle to the opposite sides meet in one point. [Take the axes as 
in Ex. 21.] 



64 ANALYTIC GEOMETRY 

23. Find the locus of the point whose distance from 12x — 52/ 
— 16 = is twice its distance from 3x + 4y -- 5 = 0. 

Ans. 138x + 79y - 210 = 0, 18x + 129y - 60 = 0. 

24. Find the locus of the point whose distance from Ax + By 
+ C = is fc times its distance from A^x + B'y + C = 0. 

25. Determine how many real points lie on each of the following 
lines and where possible find their coordinates: 

(a) (4 - 2i)x + (3i - 3)y - 2 + 4i = 0, 

(6) (4 - 8i)x + (6i - 3)y - 2 = 0, 

(c) X +iy ^ 1, 

(d) (3 - 9i)a; - (6i - 2)2/ -f 5 - 15i = 0. 

26. Prove that 5x* + 13x2/ — 6^ = is the equation of two straight 
lines intersecting at the origin. See III, p. viii. 

27. Prove that Ax^ + Hxy + By^ = in which A, B, and H are 
real constants represents a pair of straight lines passing through the 
origin, and that these two lines are real and distinct, real and coincident, 
or imaginary, according ss H* — 4AB is positive, zero, or negative. 
See III, p. viii. 



CHAPTER IV 



THE CIRCLE 

39. Equation of the circle in rectangular coordinates. 

Definition. A circle is the locus of a point which moves in a 
plane so as always to be at a constant distance from a fixed point 
of the plane. The fixed point is 
called the center of the circle^ and 
the constant distance is called the 
radius. 

Problem. To find the equation 
of the circle with radius r, and center 
at the point (d, c). 

Let C(d, e) be the center, and 
P(Xj y) any point on the circle. 
Then from the definition CP= r. 
By (3), p. 6, the distance CP is 




Fig. 33 



V(x - dy + (y - e)\ Hence 



or 



a/(x - dy + {y - ey = r 
(x - ay + (y - ey = r«, 



(1) 



which is the required equation. 

By inserting the appropriate values of d, e and r, equation (1) 
will give the equation of any circle. 

Conversely any equation in x and y which is reducible to the 
form (1) is the equation of a circle in rectangular coordinates. 

(a) The equation of the circle^ the origin being at the center. See 
Fig. 34. In this case d = e = Oy and hence equation (1) becomes 



6 



a5« + y* = r«- 
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(6) The equatioh of the circle through the origin whose center is 
on the positive portion of the X-axis, See Fig. 35. 

Here we have d ^ r, and e = 0, hence equation (1) becomes 



or, 



(x - ry + 1/* = r*, 
1^ = 2rx — fic^. 



(3) 





Fig. 35 

40. The Equation Aa^ + Ay^ + Ox + Fy+ C = 0. 
I. Theorem. The equation of a circle can always be put in 
the form Ax^ + Ay* + Gx + Fy + C = Oy where A + 0. 
Expanding equation (1), Art. 39, it takes the form 



or 
where 



x« + y* - 2(ia; - 2e|/ + (P + e« - r* = 0, 

a^ + y* + Lx + My + y=-0, 

L = - 2d, M = - 2e, iNT = d» + e* -- r«. 



(4) 



If equation (4) be multiplied by any constant A, and if in 
the result we put AL = G, AM = F, and AN = 0, the equa- 
tion takes the form 

Aa^ + Ay* + Ga: + Fy+ C -- 0. (5) 

Note that equation (4) is just as general as equation (5), 
because, since A 4= 0, the latter can always be reduced to the 
former by dividing by A, 
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II. Theorem. EqiuUion (4) always represents a real circle 
when N < i{D + M^), 

Equation (4) can be put in the form 

(x» + Lx+ \D) + iy^ + My + iM^) = HD + M^) - N, 
or 

(x + iD* + (y + ^My = i(L« + M») - N. (i) 

This equation is in the form (1), Art. 39, if }(L« + Af«) -iV > 0, 
or iV < J(L* + M*), and it then represents a circle with center 
at the point whose coordinates are 

d = — Jx, e = — iJtt" 1 
and radius >■ (6) 

III. Point circle, imaginary circle. 

(o) If iV = J(Z/* + M'), r = 0, and equation (i) takes the form 
(x + iL)* + {y + JM)* = 0, or (x - d)^ + (y - e)« = 0. (u) 

The most obvious interpretation of this equation is that of a 
circle of zero radius, the point circle (— JL, — ^M) or (d, c), 
since these are the only real coordinates which satisfy the 
equation.* 

(6) If N > i{L^ + M^)y r* is negative, and equation (i) is 
that of an imaginary locus with no real points. See Art. 16 (&). 
The locus is called an imaginary circle. 

The equation x'* + y* + Lx + My + iV = therefore repre- 
sents a real circle, a point circle, or an imaginary circle according 
BsN§ 1{D + ilf«). Hence: 

IV. Theorem. The general equation of the second degree in 
X and y. Ax' + Hxy + By* + Gx + Fy + C = 0, always repre- 

* Since the equation (x — d)* + (y — e)* = may be written in the 
form l(x — d) + Hy — e)]l(x — d) — i(y — e)] = another interpre- 
tation is that the equation represents a pair of imaginary lines meeting 
at the real point (d, e). See Arts. 16 (c), 37 V, and 38. 
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senta a real circle, a paint circle, or an imaginary circle, when 
H = 0, and A = 5 4= 0. 

When in practice it becomes necessary to examine an equation 
of the form (4) or (5) to determine the nature of the locus 
represented, it is best actually to reduce it to the form (1). 
The following example illustrates the process. 

Example. Determine whether the equation 

3x« -f 3y» - 18x + 122/ - 69 = 

represents a real circle, and if so determine its center and radius. 
Dividing the given equation by 3 

X* + 2/* - 6a; H- 42/ - 23 *= 0, 

which is in the form (4). Adding 9 and 4 to both sides in order to 
complete the squares of the terms in x and y, 

x«-6a; + 9+2/»-|-42/ + 4=36, 
or 

(x - 3)« + (2/ + 2)» = 36, 

which is in the form (1). By comparison d = 3, e »= — 2, r = 6. In 
other words the given equation is that of a real circle whose center is 
at the point (3, — 2), and whose radius is 6 imits. 

Exercises. 1. Write the equation of each of the following circles, 
and construct the curve. 

(a) Center at (3, 4), radius 6. (6) Center at (—2, — 5), radius 4. 
(c) Center at (4, — 2), radius 7. 

2. The radius of a circle is 5. Write its equation, and construct the 
circle for each of the following positions of the center, (3, 4), (— 3, 4), 
(0, 0), (0, 5), (0, - 5), (5, 5). 

3. Determine the special forms assumed by equations (1), p. 65, 
and (4), p. 66, for circles whose positions &£e defined as follows. 

(a) Passing through (0, 0), with center on the negative portion of the 
X-axis. Ans. y' = — 2rx — x*. 

(6) Passing through (0, 0), with center on the F-axis. 

(c) Tangent to the X-axis, and center above the X-axis. 

Ans. x» + 2/* - 2(ix - 2r2/ + (P = 0. 

(d) Tangent to both axes, with center in the second quadrant. 
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4. Determine which of the following equations represent real circles. 
Find the center and radius of each of these and construct the curve. 

(a) a:* + 2/« - 4x -f 62^ - 3 = 0. (c) x« + 2/* + 3a; + 72/ -f 15 = 0. 
(6) x* + 2/» - 6a; - 2y + 10 = 0. (d) 9a:» -f V + 12x - 62/ - 31 = 0. 

Ans. (a) d = 2, c = — 3, r = 4. 



5. Determine the equations of the following circles, and constru 
the curves. 

(a) Passing through the point (3, 4), center at the origin. 
(6) Passing through the origin, center at (3, 4). 
(c) Passing through (2, 4), center at (— 1, 0). 

Ans. (h) x* + 2/« - 6x - 8y = 0, (c) a:« + 2/* + 2a; - 24 = 0, 

41. The circle through three given points. — Three points 
not in the same straight line determine one and only one circle. 
The process of finding the equation of the circle will be illus- 
trated by an example. ^ 

Find the equation of the circle passing through the three 
points (5, 7), (2, — 1), (— 3, 3). Either equation (1) or equa- 
tion (4) may be used. The latter is usually the more convenient 
and will be used here. The process consists in finding the values 
of L, Af , N for which equation (4) will be satisfied when x and 
y have each of the three given pairs of values. 

Hence substituting in turn these values for x and y in (4), 
three simultaneous equations in L, M, and N are obtained: 

74 + 5L + 7M + iV = 0, 

5 + 2L- M + Ar = 0, 

18 - 3L + 3M + iV = 0. 

Solving these for L, M, and N, the results are 

L=-tf, M=-H. JV=-H, 
and substituting these in (4) 



M 
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or 



iar« + 13y* - 43a; - 96y - 75 = 0, 



which is the equation of the required circle. Let the student 
verify the result by substituting the coordinates of the given 
points in this equation. 

The general solution of this problem is most conveniently 
performed with the aid of determinants. Let (xi, yi), (a^j, j/2), 
(xz, ys) be three given points not in the same straight line. 
Substituting these in turn for x and y in the equation 



we have 



x^ + y^ + Lx + My + N = 0, 

xi^ + yi^ + Lxi + Myi + iV = 0, 
X2» + y2» + LX2 + 3/2/2 + iV = 0, 
X3* + t/s* + Lxz + Myz + N = 0. 

If the last three of these equations be solved for L, Af, N, 
and the results so obtained be substituted in the first equation, 
the result will be the equation of the required circle. This is 
the process which was used in the example iabove. By deter- 
minants the same result is obtained by expressing the fact that 
all four equations are satisfied simultaneously by the same 
values of the three quantities L, M, N, which gives 



ot^ + y^ 



» y 

xi' -h yi' xi yi 

x^ + y^ x% y2 

x} + yi' xz yz 



1 
I 
1 
1 



= 0, 



(7) 



42. Distance from a point to a circle. 

Theorem I. 7/ P{x\y yi) is any point in the plane of the circle 
{x — dy + {y — eY = r^y ovJtside of the circle^ the distance from 
P to the circle, measured on one of the two tangents through P, is 



V(api - dY + (yi - eY - r». 



(8) 
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In Fig. 36 let C = (d, e), and P = («!, yi), then 

CP^ = (xi - dY + (2/1 - c)*. 

The triangle PCN is right- 
angled at Nj and CiV^ = r, 
hence 

V(xi - d)* + (2/1 - e)» - r«. 



Similariy if the equation of 
the circle is 

x" + 2/« + Lx + Mj/ + iV =0 

the distance from P to the 
circle is 

Va?i» + ifi* + ifici + My I + X. 




Fig. 36 



(9) 



Let the student prove this and also the following theorem. 

Theorem II. The point (xi, ^i) is outside^ on, or inside the 
circle x^ + y^ + Lx + My + N = according as the expression 
x^ + 2/1* + Lx\ + My\ + N is positive, zero, or negative. 

ExEBCiSES. 1. Find the equations of the circles determined by the 
following sets of points. Construct each circle from its equation, and 
check the result by noting whether the circle passes through the given 
points. _* ^ 

(a) (5, 7), (2, 8), (7, 3). "^ (c) (1, 6), (9, - 7), (- 4, 6). 
(» (0, 0), (3, 1), (- 2, - 4). (d) (0, 0), (0, 6), (3, - 3). 

Ans. (a) a:« + y* - 4a; - 62/ - 12 = 0. 

2. Given the circle x*-fy* + 4x — 6y + 4=0, and the points 
(0, 0), (- 2, 1), (1, - 3), (~ 1, 3), (1, 3), (- 4, 2). Determine which 
of the points are inside and which are outside the circle. Check the 
results graphically. 

3. For each point of Exercise 2 which is outside the given circle, 
find the length of the tangents from the point to the circle. 
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(10) 



43. Equation of a circle through the points of inter- 
section of two circles.— Let 

x* + y^ + Lix + Miy + iVi = 0, (t) 

x^ + y^ + L^ + M^y + iSTj = (m) 

be the equations of two circles. Form a third equation by 
adding one of these to k times the other , where k is any constant. 
The result is 

(«« + 2/« + Lix + Miy + Ni) 

+ k(x^ + 2/» + Lax + Mty + Ni) = 0, 
or 
(1 + k)a^ + (1 + k)y' + (Xa + kL2)no 

+ (Ml + kM2)y + (y'l + fc^2) = 0. 

For all values of k, except A; = — 1, this equation is in the 

form (6), p. 66, and hence 
Y represents a circle. If 

A; = -^ 1, (10) is an equa- 
tion of the first degree, and 
therefore represents a 
straight line. 

Theorem. For aU values 
of kf equaiion (10) is the 
equation of a locv^ {circle 
or straight line) which 
passes through the intersec- 
tions of the circles given by 
equaiions {i) and (ii). 
Let Ci, Ci be the centers of the circles represented by equa- 
tions (i) and (ii), and Pi{xi, yO, P2(x2, 2/2) their points of inter- 
section. Considering the point Pi, we have from (i) and (ii) 

xi^ + 2/i« + Lixi + Miyi + iVi = 0, 

ari* + yi* + L2X1 + Mzt/i + iNr2 = 0, 




Fig. 37 
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and hence the coordinates of Pi will satisfy equation (10). In 
other words the locus represented by this equation passes through 
Pi. Similarly it passes through P2. 

If the circles represented by equations (i) and (u) meet in 
imaginary points (that is if they do not visibly intersect), 
equation (10) will still represent a locus passing through their 
imaginary points of intersection, for the argument above holds 
good whether Pi and P2 have real or imaginary coordinates. 

Exercises on Chapter IV 
Normal Exercises 

1. Write the equations of the circles with radius 4, whose centers 
are respectively (— 3, — 2), (0, — 5), (4, 0), (0, 0), and construct each 
circle from its equation. 

2. Determine which of the following equations represent real circles, 
and find the center and radius of each of these. 

(o) x« -h y« - 2x + 4y - 4 = 0, (c) X* -h 2/» + 2a; + 4y + 10 = 0, 
(6) 4a;» -f 4y» = 25, (d) 36a;* + 362/« - 48a; -f lOSy + 97 = 0. 

3. Find the equations of the circles passing through the following 
sets of points. 

(a) (2, 2), (3, 1), (- 5, - 5), (6) (2, 1), (3, - 2), (- 4, 0). 

Ans. (a) a;» + y« + 2x 4- 4y - 20 = 0. 

4. Find the length of the tangents from each of the points (0, 1), 
(2, 3), (4, 2), (- 3, - 1) to the circle a^-\-y*-4z + Sy-5^0. 

Ans. 2, 2V6, etc. 

5. Determide^»Hrich of the points (0, 0), (1, - 1), (- 2, 3), (- 1, 3), 
(0, f ) are inside the circle 4a:* + 4y* + 12a; - 20y + 25 = 0. 

6. Write the equation which represents all circles passing through 
the points of intersection of the circles a;* + j/* — 2a; — 2y — 23 =0, 
and a;* + 2/« - 16a; - 9y + 68 = 0. 

7. Determine the equation of the circle which passes through the 
intersections of the two circles of Exercise 6, and also through the origin. 

Ans. 13a;» + 13y* - 72a; - 49y = 0. 

General Exercises 

8. Find the equations of the circles determined by the following 
sets of conditions. 
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(o) Center at the intersection of x + 3y + 7 = and 2y — 3a: + 12 = 
and passing through (—1, 1). 

Ans. x» + y» - 4x + 6y - 12 = 0. 
(h) Center at (1, 3), and tangent to 2x 4- y + 5 = 0. 

(c) Center on x + y — 5 — 0, and tangent to both coordinate axes. 

Ans. 4x» + 42/» - 20x - 20y + 25 = 0. 

(d) Circumscribed about the triangle whose sides have the equations 

a; + y-4 = 0, 4x-y-6«0, 2x-y-8«0. 

(e) Inscribed in the triangle whose vertices are (0, 0), (0, 6), (8, 0). 

Ans. a:* + y* — 4x — 4yH-4«»0. 
(/ ) Having the line from (2, — 3) to ( — 4, 7) as a diameter. 

9. What system of circles is represented by each of the following 
equations. 

(o) X* + j/» + Lx + 2y = 0, (c) 4x» + 4j/» + 4Lx + -L* - 16 « 0, 
(6) a:* + 2/* + Lx -h Ly = 0, (d) x» + y« - 2rx - 2ry + r* « 0. 

Ans. (a) Circles passing through the origin, and having their centers 
on y + 1 =0. 

10. Of all circles which pass through the intersections of x* + j/* 
H- 6x 4- 8y - 144 = and x* + y* - lOx - Sy + 16 = 0, find the 
equation of the one which (a) passes through the origin, (5) has its 
center on the X-axis, (c) has its center on the line x — 2y — 2 = 0. 

Ans. (o) 5x« + 52/» - 42x - 322/ = 0, (6) x» + 2/* - 2x - 64 = 0. 

11. Prove by the methods of analytic geometry that an angle in- 
scribed in a semi-circle is a right angle. 

12. Show by means of their equations that a straight line can not 
cut a circle in more than two points. 

13. Find the equation of the locus of a point whose distance from 
the origin is alwa3rs twice its distance from (2, 3). What curve is it? 

Ans. 3x» + 32/« - 16x - 24y + 52 = 0. 

14. Find the locus of a point whose distance from 3x + 4y — 1 =0 
is always equal to the square of its distance from (2, 3). 

Ans. 5x« + 52/« - 23x - 342/ + 66 = 0. 

15. Find the locus of a point the square of whose distance from 
x-hj/ — 2 = Ois equal to the area of the rectangle formed by drawing 
perpendiculars from the point to the axes. 

Ans. X* + ^ — 4x — 42/ + 4 = 0. 



CHAPTER V 

THE (X)NIC SECTIONS 

44. Historical note. — The Greek geometers, after studying 
the geometry of the right line, plane, circle, sphere, cylinder 
and cone, turned their attention to three curves called the 
ellipse, parabola, and hyperbola, which they derived by cutting 
right circular cones by planes. For this reason these curves are 
called conic sections, or briefly, conies. In applying to them the 
methods of analytic geometry, however, we prefer to disregard 
their connection with the cone and define them as plane curves, 
using for this purpose certain characteristic properties from which 
their equations can be easily derived. 

45. Definitions. 

I. Conic, Focus, Directrix. A conic is the locvs of a point 
which moves so that the ratio of its distance from a fixed point, 
called the focus y to its distance from a fixed line, called the directrix ^ 
remains constant, the point being always in the plane of the focus 
and directrix, 

II. Eccentricity. The constant ratio in I is caUed the 
eccentricity of the conic. It is represented by e, 

III. Ellipse. If e < 1 the conic is called an ellipse. 

IV. Parabola. If e = 1 the conic is called a parabola. 

V. Hyperbola. If e > I the conic is called a hyperbola. 

46. Problem. — To construct a conic having given focvs^ direc- 
trix, and eccentricity, 

I. The Ellipse. Let F, Fig. 38, be the given focus and DD' 
the given directrix of a conic with eccentricity e < 1. Through 
F draw EG perpendicular to DD\ Construct the angle GEH, so 
that tan GEH = e, and draw GEH' = GEH. Since e < 1, the 
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angle GEH < 45°. Draw a series of parallels perpendicular to 
EG. On any one of them, as KK\ mark with dividers the 




Fig. 38 

points P, P', so that FP = FP' = LK. Then P and P' are 

points on the ellipse, because, EL being the distance of P from 

the directrix, 

FP LK 



EL EL 



= tan GEH = e. 



The same is true of P'. As many points of the ellipse as may 
be desired can be constructed in this way. 

As this construction is continued with successive parallels 
farther and farther from F a point will be reached beyond 
which the construction ceases to be possible. For example on 
Af' M there is no point whose distance from F equals NM^ and 
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henoe M'M does not intersect the ellipse. The same is true of a 
line such as /'/ sufficiently far from F on the other side. In 
other words the ellipse is limited in extent in both directions 
from F, It is obvious also that the ellipse lies wholly between 
the lines EHf EH\ and that it touches these lines at Q and Q', 
where the perpendicular to EG through F cuts them. 

To find the points where the ellipse cuts EG draw RR' through 
F, making angle EFR = 45°, cutting EH, EH' in R, R' respec- 
tively. From R and fi' let fall perpendiculars to EGj meeting 
it at A and A\ These will be the required points, because 

AF _ AR 
EA " 



EA 



= tan GEH = e, 



and 



FA' ^ R\A^ 
EA' " EA' 



= tan GEH' - e. 



From this discussion it is 
clear that the ellipse is a closed 
curve symmetrical with respect 
to EG, and lying in that part 
of the plane between A and A', 

Exercises. 1. Construct the 
ellipse for which c = J, and EF = 2 
inches. 

2. Construct the ellipse for which 
c = i, and EF = 1| inches. 

3. Construct the ellipse for which 
c = J, and EF ^ 1 inch. 

II. The Parabola. The 
method of construction is the 
same as for the ellipse. Let F be 
the focus and DD' the directrix. 
Since e = 1 the angles GEH 
and GEH' are each 45°, and the 




Fig. 39 
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line RF is parallel to EH\ The point il is on the curve, but 
there is no corresponding point A'. 

In making the construction the following facts with reference 
to the parabola become apparent. 

(a) The point A bisects the distance between the focus and 
directrix. 

(6) The distances FQ, FQ' are equal in length to EF, and 
hence to 2AF. 

(c) The parabola is an open curve sjrmmetrical with respect 
to EGf and extending indefinitely from A^ on through B and B'. 

Exercise. Construct the parabola for which EF » 1 inch. 




Fig. 40 



[Aet. 48] 



THE CONIC SECTIONS 



79 



III. The Hyperbola. Let F be the focus and DD' the 
directrix. The construction is the same as for the ellipse and 
parabola. ^ Since e > 1, GEH = GEW > 45^ and the line RF 
cuts EH and EH^ on opposite sides of the directrix. Hence A 
and A^ are also on opposite sides of the directrix. The curve 
consists of two parts extending indefinitely to right and left 
from A and A', and no part of it lies between the two lines drawn 
through A and A' parallel to the directrix. Like the ellipse 
and parabola it is symmetrical with respect to EG. 

Exercises, 1. Construct the hyperbola for which e = |, and 
EF ^ i inch. 

2. Construct the hyperbola for which e = 2, and EF = J inch. 

47. Definitions. 

I. The 'perpendicular to the directrix through the focus of a conic ^ 
the line EG in Figs, 38, 39, 40, is called the principal axis. 

II. The points Ay A' in the ellipse and hyperbola^ and the 
point A in the parabola^ where these curves respectively cut the 
principal axis, are called the vertices. 

III. In the ellipse and hyperbola the point C which bisects A A' 
is called the center of the curve, 

IV. The chord through the focus perpendicular to the principal 
axis, Q'Q in Figs, 38, 39, 40, is colled the latus rectum. Note 
especially Art. 46, II (6). 

48. The equation of any 
conic. — By suitably choosing 
the coordinate axes the equa- 
tion of any conic can be de- 
rived by translating the defi- 
nition Art. 45, I, into the 
language of algebra. The 
principal axis is taken as the 
X-axis, and the directrix as 
the F-axis. The constants Fig. 41 
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to be used are the given distance OF = p, and the eccen- 
tricity e. 

Let P be any representative point on the conic, then from the 

definition Art. 45, I, 

FP_FP_ 

DP' OM^ ^' ^'^ 

but FP = ^{x - p)2 + 2/2, from (3), p. 6, since P = (x, y), 
and F = (p, 0); and OM = x. Hence substituting in (i) 

V(x - p)2 + 2/2 



= e, 



a; 



or 



(fic - py + y^ = e'a^. (1) 

49. Transformation of coordinates.— It is sometimes nec- 
essary or desirable to change the axes of coordinates to which a 
locus is referred. This change of axes has no effect upon the 
locus itself, but it changes the equation. 

Problem. To derive the formulas for transforming the equation 

of a locus from one pair of axes to 
another pair, when the new X-and 
Y-axes are parallel respectively to 
the original X- and Y-axes, 

Let OX, OF be the original 
axes of coordinates, and O'X', 
O'F', the new axes. The coor- 
dinates of 0', the new origin, 
referred to the original axes are 
OL = xo, LO' = 2/0. Let P be 
The coordinates of P in the two 



Y 


r 
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X 



Fig. 42 

any point in the plane, 
systems are 

OM = X, MP = y; 



and O'M' = x', MT = y'. 

The formulas required are those which express the original 
coordinates of P in terms of the new coordinates and the con- 
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stands 0^0, 2/c* From the figure 

OM =- OL + LM =^ OL + 0'M% 
MP = MM' + M'P = W + M'P, 

hence, a? = a;' + ajo, y = |/ + yo- (2) 

Example. Transform the circle a:* + 2/* — 6x + 4y — 3=0 to 
new axes parallel respectively to the old, the new origin being at (3, — 2). 
By (2) the formulas of transformation are 

x = x' + 3, 2/ = y' - 2. 

Substituting in the given equation we have 

(x' + 3)» + (2/' - 2Y - 6(x' + 3) + 4(y' - 2) - 3 = 0, 

which reduces to 

x'* + 2/'* = 16. 

Let the student construct the figure. 

Exercises. 1. Determine the new equation of each of the following 
loci when transformed to new axes parallel respectively to the old, the 
new origin being taken at the point specified in each case. 

(a) X + y = 1, (- 2, 1); Ans. a;' + 2/' - 2 = 0. 

(6) a;* H- 2/» + 4x = 0, (- 2, 0); Ans. x'* + y'* = 4. 

(c) 4x« H- 92/* + &r + 182/ - 23 = 0, (-1,-1); 

(d) 4x« + 92/» + 8a; + \%y - 23 = 0, (1, 1); 

2. Find the coordinates of the point so situated that when the circle 
a:* + y* — 4x4-8^ — 5 = 0is transformed to new axes through this 
point, parallel respectively to the original axes, the new equation shall 
be x* + 2/* == 25. Ans. (2, - 4). 

3. Derive the general equation of a conic with the principal axis as 
X-axis, and the origin at the focus. 

4. Derive the equation of the conic whose eccentricity is J, focus 
(4, 0), and directrix the F-axis. Ans. Zx^ + 42/« - 32a; + 64 = 0. 

SO. The parabola. — The eccentricity, e, is 1. Therefore 
equation (1), p. 80, becomes after reduction 

2/* = 2px - pS (3) 
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which is the equation of the parabola referred to the axes OX, 
OF, Fig. 43, the latter being the directrix. To obtain a simpler 
form of equation take the origin at the vertex F, with the 
tangent at F for F-axis. 

The coordinates of the new origin are (Jp, 0), since F bisects 





Fig. 43 



Fig. 44 



OF, hence by (2) the formulas of transformation are 

a; = x' + ip, y = y\ 

Substituting these values in (3) and reducing, y'* = 2px'. 

Hence, dropping accents, the equation of the parabola referred 

to the principal axis as X-axis, and the tangent at the vertex 

as F-axis, Fig. 44, is 

y" = 2px. (4) 

51. Properties of the parabola. 

I. The perpendicular from any point of a parabola to the axis 
of the curve is the mean proportional between the latu^ rectum and 
the distance from the vertex to the foot of the perpendicular. 

This theorem is the translation of equation (4) into the lan- 
guage of geometry, because y = MP, 2p = UL, and x = OAf . 
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II. The parabola y* = 2px lies wholly on the positive side of 
the Y-axis, 

Since p is intrinsically positive x cannot be negative in this 
equation without making y imaginary. 

III. Similarly y' = — 2px represerUs a parabola lying wholly 
on the negative side of the Y-axis. 

IV. The equations x' = ± 2py represent parabolas sym- 
metrical with respect to the Y-axis, wUh their vertices ai the origin, 
and lying respectively above and below the X-axis. 

Since 2p is simply a positive distance the equations 



t/' = ± 2px, 



and 



x' = ± 2py 



can be put in the form y* = ex and x* = cy, where c is any 
constant, positive or negative, and the following figures show 
the different positions of the parabola according to the form of 
the equation and the sign of c. 





y* = cx, c>0 y^ — cxy c < 
Fia. 45(a) Fig. 45(6) 



x^ — cy, c > 
Fig. 45(c) 



X* = cy, c < 
Fig. 45(d) 



Exercises. 1. Make careful drawings of the following parabolaSi 
locate the focus and directrix of each one, and draw its latus rectum. 

(o) i/» = 6x; (6) x« = lOy; (c) 2/« = - 8x; (d) x* = - 3y. 

2. Make careful drawings of the following pairs of parabolas, and 
determine the coordinates of the point of intersection of each pair. 

(a) 4y« = 3x, 2x« - 9j/; (6) |/» + x « 0, x» + y = 0. 

3. Derive the equation of each of the parabolas determined by the 
following sets of conditions. The vertex in each case is at the origin. 
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(a) Passing through (4, 1), axis coincident with OX, 
(&) Passing through (— 2, 3), axis coincident with OX. 

(c) Passing through (1, — 2), axis coincident with OY, 

(d) Passing through {h, k)^ axis coincident with OX. 

Ana, (a) 42/* = x, (6) 2y^ = - 9a;, (c) 2x» = 



-y. 



52. The ellipse. — Let OF be the directrix, and OX the 

principal axis of an ellipse 
with focus F, vertices A, A', 
and center C, 

I. The distances OA, OA' 
from the directrix to the vertices. 
Since Ay A' are on the X- 
axis and is the origin, the 
required distances are ob- 
tained by making y = in 




Fig. 46 



equation (1), p. 80, and solving for x. This gives 



(x — pY = e^x^f 



or 



X — p = dL ex, 



from which 



X = 



V 



IdzC* 



Separating the two values of x, we have therefore 



a?i = O^ = 



P 



1 + e' 



052 = OA' = 



/ 



p 



l-e' 



(5) 



Since e is positive and less than unity it follows from (5) that 
x\ and X2 are both positive, Xi < a:?, and \p < Xi < p. The 
last statement shows that A lies nearer to F than to 0. 

11. The distance A A' between the vertices. 

From the figure 

AA' = OA' - OA 

.'. from (5) 

p p 2ep 



AA' = 



l-e 1 +e 1 - e« 
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For convenience let AA* = 2a, then a = AC = CA\ and 



a = 



ep 



1 -6^' 



(6) 



III. The distance OC from the directrix to the center. 
From Fig. 46, and (6), p. 9, 



.*. from (6) above 



e 



(7) 



IV. The distance FC from the focus to the center. 
From the figure 



FC ^OC -OF = 



- p = 



.-. from (6) FC = ae. (8) 

53. The ellipse (continued). 

Problem. To find the eqiuition of the ellipse referred to rec- 
tangidar axes, with the prin- 
cipal axis for X-axis, and the 
origin at the center of the ellipse. 

This equation is conveni- 
ently derived by transform- 
ing equation (1) to the new 
axes here defined. The coor- 
dinates of the new origin C, p^ ^^ 
referred to XOY, are (a/e, 0), 
see (7). Hence the formulas of transformation are 




X 



/ 1^ 



y = y'- 



Substituting in (1), p. 80, 
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but. {ale) - p =^ OC - OF = FC == ae, by (7) and (8), hence 
the equation becomes 



(x' + aey + y'^ ^ €^ fx' +^y , 



which reduces to 



(1 - e=^)x'' + 2/" = a«(l - c»), 
and finally, dividing by a*(l — e*), to 



X 

a 



y 



n2 + a»(l - e») 



= 1. 



Dropping accents, and writing 



6^ = a«(l - c»), 
as a*(l — 6*) is positive, equation (i) becomes 



d 



^2 ' ^2 *» 



(t) 



(9) 



(10) 



the form in which the equation of the ellipse is most commonly 
used. See Fig. 48. 

If we substitute x = 
in equation (10) and solve 
for y, the result is y = d= 6, 
showing that OB = b and 

OB' 6. 

Definitions. I. The 
length A A' = 2a is called 
the transverse axis, or 
major axis of the ellipse. 
II. The length B'B = 26 is called the conjugate axis, or 
minor axis, of the ellipse. 

An ellipse is fully determined when its semi-major and semi- 
minor axes, a and 6, are given. Equation (9) solved for e gives 




[Art. 63] THE CX)NIC SECTIONS 87 

the value of the eccentricity 

, = ^^ (U) 

a 

in terms of a and 6. Then FO = ae, and DO = a/e, are also 
known. 

Equation (10) shows that the ellipse is symmetrical with 
respect to both axes, and therefore with respect to the center. 
Hence there is another focus F\ and another directrix, through 
2>', Fig. 48, where OF' = FO, and OD' = DO. 

If in the foregoing discussion the line through the foci be 
taken as the F-axis, and the perpendicular to it through the 
center as the X-axis, the resulting equation of the ellipse will 
evidently be 



Thus (xV16) + (2/V9) = 1, and (xV9) + (j/*/16) = 1 both 
represent the same ellipse with the ori^n at the center, but in 
the first the major axis and the foci lie in the X-axis, and in 
the second they lie in the F-axis. 

It is customary therefore, when discussing in a general way 
the equation (x*/a*) + (2/*/6*) = 1, to disregard the condition 
implied in definitions I and II above^ that a > 6, and to say 
that this equation represents an ellipse for all values of a and h 
which are positive and not zero. The larger of the two numbers 
a and h is then the length of the semi-major axis, and the other, 
the length of the semi-minor axis. Hence: 

Theorem. The equation Ao^ -f- By^ = C, Mihere A, B, C all 
have the same sign and none of them is zero, always represents an 
ellipse with center at the origin, and axes coincident in direction 
with the coordinate axes. 
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If this equation be divided by C it takes the form 



C '^ C 



or e + C_==^' 
A B 




Fig. 49 



which is in the form of (10) or (12), because by hypothesis 
C/A and C/B are both positive. If C/A > C/B the major axis 
of the ellipse coincides with the X-axis, but if C/A < C/B the 
major axis coincides with the F-axis. 
54. A property of the ellipse. 

Definition^. I. A chord of 
a conic through a focus is called 
a focal chord. 

II. The distance of a point on 
a conic from a focus is colled the 
focal radius of the point with 
respect to that focv^, 

III. Theorem. The sum of 
the two focal radii of any point 

on the ellipse is constant and equal to 2a. 

Let P be any point on the ellipse, Fig. 49. Since P = (x, y), 
and F = (oe, 0), the distance 

FP = V(a; - aey + y\ (i) 

From equation (10) y^ = {b^la^){a^ - x^), and from (9) b^/a^ 
= (1 - e^), hence y2 = (i - g2)(fl2 _ 3.2), 

Substituting this value of y^ in (i), we have 

FP = ^|{x - aeY + (1 - e^){a^ - x^) 

= Va* — 2aex + ^x^ = a — ex, (ii) 

Only the positive square root is taken because the length of FP 
as a positive distance is desired, and a > ex. Similarly 

F'P ^ a + ex. (m) 
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Adding (w) and (m) we have 

FP + F'P = 2a. (13) 

It follows from this that FB = F'B = a, which gives a con- 
venient way of locating the foci of an ellipse when the axes are 
given. 

ExERCiSEfi. In exercises 1 and 2 the X- and F-axes are to be taken 
coincident with the major and minor axes of the curve respectively. 

1. Find the equations of the ellipses determined in each case as 
stated below. Make careful drawings of the curves, and locate their 
foci and directrices 

(o) a = 5, & = 3; (6) a = 4, c = jV3; (c) 6 = 2, c = i. 

Ans. (a) 9x2 _|_ 25^2 = 225, 6 = f , oc = 4, o/e = V- 

2. Find the equations of the ellipse and of its directrices for which 
a « 6 and the foci bisect the semi-major axes. 

Ans. 3x2 ^ ^yt = 108^ x = ± 12. 

3. Show that in any ellipse the length of the semi-latus rectum is l^ja. 

4. For each of the following ellipses find the length of the semi-axes, 
the eccentricity, the coordinates of the foci, and the equations of the 
directrices. 

(a) 4x« -h 9j/* = 36. (c) 49rc* + 252/* = 1225. 

(6) 12x» + 162/2 = 192. {d) 9x2 + 52/* = jgO. 

Ans. (a) a = 3, 6 = 2, 6 = jVB, (=fc V5, 0), x = ± |V5. 
(d) a = 6, 6 = 2V5, e = J, (0, ± 4), 2/ = d= 9. 

5. For each of the two ellipses 16x2 + 252/2 = 400, and 9x2 ^ 5^2 
= 180, find the distance between 

(a) center and focus, (c) focus and end of minor axis, 

(6) center and directrix, {d) focus and nearer vertex. 

Draw the curves carefully and check the distances found by measure- 
ments of the graphs. 

55. The hyperbola.— Let OF be the directrix, and OX the 
principal axis of a hyperbola, with focus F, vertices A', A, and 
center C. The distances OA, OA' are found from equation (1) 
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in the same manner as for the ellipse, 



xi = OA = 



1+e' 



X2 = OA' = 



P 



(14) 





F X 



Fig. 50 



A' A == 2a = 



1 - e* 

Since e is positive and greater 
than unity, Zi is positive and X2 
is negative, as shown in Fig. 50. 
Also I xj !* > Xi, and Xi < |p. 
That is, A is nearer to the di- 
rectrix than it is to the focus. 

Let A^A = 2a as in the ellipse. 

From Fig. 50 

AA = A'O + OA. 
.\ using (14) 



2ep 



or 



1+e 1-e e»-l' 
ep 



a = 



^ - 1 



(15) 



The student will now be able to show that for the hyperbola, 
as for the ellipse, 

(16) 



ceriier to directrix = CO = — 

€ 



and 



center to focus — CF = ae. (17) 

Problem. To find the equation of the hyperbola referred to 
rectangular axes, with the principal axis as X-axis, and the origin 
at the center of the hyperbola. 

This equation will be derived by transformation of coordinates 
from equation (1), as was done in Art. 53 for the ellipse. 

The coordinates of C the new origin, Fig. 50, referred to the 
old system are [— (a/e), 0], hence the formulas of transformation 

* The notation | a;2 1 is used to indicate the absolute value of the 
expression between the bars, thus | — 3 | = 3. 
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are 



e 



y = y'- 



Substituting these in equation (1) we have 

But 

^± ^ p :^ - CO - OF ^ " {CO + OF) -^ '- CF -- 
e 

hence {x' — aeY + y'* = e*(x' J, 

which, after reduction, becomes 

(e« - l)x^ - y^ = aK^ - 1), 

or, dividing by o*(6* — 1), 



-a€. 



y 



a«(e« - 1) 



= 1. 



Dropping accents, and writing 

W = a*(«* - 1), 
since c* — 1 is positive, equation (i) becomes 

Equation (19) shows that the 
hyperbola ig symmetrical with re- 
spect to both X'X and F'F, and 
hence with respect to the center 0. 
There are therefore two foci, F, F', 
symmetrically situated with respect 
to 0, and two directrices, one corre- 
sponding to each focus. The direc- 
trices cut the principal axis at 
points Df D'f so that 

D'O - OD. 







Y 
Fio. 51 



(0 



am 



(19) 




F X 
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A hyperbola is fully determined when the values of a and b 
are given. The value of the eccentricity in terms of a and 6, 
obtained from (17) is 

^^^. (20) 



e = 



a 



Equation (18) shows that h may be larger or smaller than a. 
If e* > 2, 6 > a; but if e* < 2, 6 < a. 

56. Conjugate hyperbolas,— If in equation (19) the letters 
X and yy and a and b be interchanged respectively the result is 



6* a« ** 



or 






(21) 




This change transforms the 
hyperbola into one whose 
principal axis lies in the F- 
axis, and whose vertices are 
at the points (0, ±6). Hence 
(21) is the equation of a 
hyperbola in this position. 

The two hyperbolas are 
drawn in Fig. 52, where A* A 
= 2a, and B*B = 26. 

Definitions. I. TAe two 
hyperbolas 



(A) 5!_i^=i 



X' 



»* 



(^> ^-^ = 



-1, 



in which a and b have the same value in both eqtiationSf are called 
conjugate hyperbolas, 

II. The transverse axis of a hyperbola is the line joining its 
vertices. 

Thus, Fig. 52, A' A = 2a is the transverse axis of hyperbola 
(A), and B'B = 26 is the transverse axis of hyperbola (B), 
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III. The conjugate axis of a hyperbola is the transverse axis 
of its conjugaJte hyperbola. 

Thus B'B = 26 is the conjugate axis of hyperbola (A), and 
A' A = 2a is the conjugate axis of hyperbola {B). 

57. The asymptotes of a hyperbola. 

Theorem. As x increases the hyperbola (x^/a^) — {y^jlP) = 1 
continually approaches the lines y = db (b/a)Xj biU never meets 
them. 

The rectangle whose sides are parallel to the coordinate axes, 
and pass respectively through the points A, A', 5, B'^ Fig. 52, 
has for its diagonals the lines y = db {b/a)Xj since AH = b, 
AH' = — 6, and OA = a. Considering only one of these lines, 
the line OL^ its equation may be written in the form 

bx — ay = 0. (i) 

Let P(x, y) be in the first quadrant, on that part of the 
hyperbola whose vertex is apt A, and draw PQ perpendicular 
to OL, .Then by formula (20), p. 56, 

PQ^^±^M, (u) 

From the equation of the hyperbola, a^/ = ± 6 Vx* — a^. 
Using the positive sign for the point P, since it is in the first 
quadrant, we have, substituting in (u). 



6x - 6 Vx* - tt* b(x - Vic2 - o2) {x + Vx* - a^) 



or 



Va« + 62 


Va^ + 62 


(X + Vx2 - 


-a') 


PQ=-T= 


a26 




(m) 



Thus in (m) the length of PQ is expressed as a fraction whose 
numerator is constant, and whose denominator increases in- 
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definitely as x increases. That is PQ approaches the limit zero 
as X increases indefinitely. 

Similarly it can be shown that in each quadrant the hyperbola 
approaches one of the two lines OL or 0L\ 

The lines to which the hyperbola is thus related are called the 
asymptotes of the curve. 

In the same manner it can be shown that the conjugate 
hyperbola (x'/a*) — {y^/b^) == — 1 approaches one of the lines 
OL or OU in each quadrant. In other words: The two conjugcUe 
hyperbolas x^/a^ — y^/b^ = 1 and x^/a^ — y^/b^ = — 1 have for 
asymptotes the same pair of lines 



y=±-x. 



(22) 



58. A property of the hjrperbola. 

Theorem. The difference of 
the focal radii of any point on 
the hyperbola is constant and 
equal to 2a. 

Let P = (x, y) be any point on 
the curve, then we are to prove 

F'P - FP = 2a. 

The details of the proof which 
are the same as in Art. 54, III, 
are left to the student. 
The results are 




Fig. 53 



and hence 



F'P = ex + a, FP =ex - a, 
F'P - -FP = 2a. 



(23) 



59. The equilateral or rectangular hyperbola. 

Definition. If the semi-axes a and b of a hyperbola are eqtud 
the hyperbola is called an equilateral or rectangular hyperbola. 
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The equation of an equilateral hyperbola, referred to its axes 
as axes of coordinates, is found by putting 6 = a in equation 
(19), p. 91, and is therefore 

Qi? -y" -- aK (24) 

Theorem. The asymptotes of an equilateral hyperbola are 
perpendicular to each other. 

By (22) the equations of the asymptotes to the curve of (24) 
are y = x and y = — x, which are perpendicular lines. 

Exercises. In exercises 1 and 2 the X- and F-axes are to be taken 
coincident with the transverse and conjugate axes of the curve, re- 
spectively. 

1. Find the equations of the hyperbolas determined in each case as 
stated below. Make careful drawings of the curves, and locate their 
foci and directrices. 

(o) a = 4, 6 = 3, (6) a = 6, 6 = 2, (c) 6 = 3, e = |. 

Ans. (a) 9a;* - 16y* = 144, e = t» «« == 5, a/e = V. 

2. Find the equations of the hyperbola, and of its asymptotes, and 
the coordinates of its foci, for which o = 6, and the directrices bisect 
the semi-transverse axes. Ans. 3a:* — j/* = 108, y = ± VSx, (± 12, 0). 

3. Show that in any hyperbola the length of the semi-latus rectum 
is 6*/a. 

4. For each of the following hyperbolas find the lengths of the semi- 
axes, the eccentricity, the coordinates of the foci, and the equations of 
the directrices and asymptotes. 

(a) 16ir« - 92^ = 144, (c) x» - y» = 4, 

(6) 9x* - 162/« = 144, (d) 9x» - 16j/» = - 144, 

Ans. (a) a = 3, 6 = 4, 6 = 4, X = ± t, y = ± }x. 

(d) a = 3, 6 = 4, c = i, y^ ± {, y = db fx. 

5. Show that the four foci of two conjugate hyperbolas, and the four 
points of intersection of the tangents at their vertices, all lie on one 
circle whose center is at the common center of the two hyi)erbolas. 

6. For each of the two conjugate hyperbolas 144x* — 25^ = ± 4 
find the distance between 
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(a) center and focusi 
(6) center and directrix, 



(c) focus and asymptotes, 

(d) focus and nearer vertex. 



Check graphicaUy, using a large scale. 

60. Transformation of coordinates. 

Problem. To find the formulas for transforming the equaiion 
of a lociLS from one pair of axes to another pair having the same 
origin, the original system being rectangular. 

Let XOYf Fig* 54, be the original or old system, and X'OY' 

the new system. Let OX' 
P|. ^ X' make the angle d with OX, 

and OY' the angle B' with 
OX, Let P be any point in 
the plane, then the old coor- 
dinates of P are x = OM, 
y = MP, and the new coor- 
dinates of P are x' = OAf' , 
y' = M^P. We must express 
X and y in terms of x', y' 
and the two angles 6 and 6'. 
Draw M'L perpendicular to OX, and NR through M' parallel 
to OX. Then, giving attention to the directions of the diflFerent 
lengths, 

X = OM = OL -I- M'N = x' cos 6 + y' cos ^',1 
y = MP = LM' + NP = x' sin B + y' sin ^'.J 




Fig. 54 



and 



(25) 



If the new system is rectangular, as well as the old, then 
B' = 90*' + B, and formulas (25) take the form 



ac = «' cos ^ — i/ sin ^, 
y = fic' sin ^ -h 2/ cos B 



:} 



(26) 



When B' = 90° -|- ^ the effect produced is the same as that of 
rotating the system of coordinates through the angle B, because 
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the new X- and F-axes make the same angle $ with the old X- and 
Y-a.^es respectively. This transformation is generally described 
as rotation of the axes 
through the^angle 6. 

61. The hyperbola re- 
ferred to its asymptotes. 

Theorem. The equation 
of a hyperbola referred to its 
asymptotes as axes of coordin- 
aies is xy = c, where c is a 
constant. 

To transform equation (19) 
p. 91 to the system of axes 
X'OF' use (25), where Fig. 65 




6 = XOX' = - tan-i - , 

a 

so that by (17) p. ix 

h 
sin ^ = — 



and 



6' = XOr =tan-i-, 

a 



sin 6' = 



b 



cos $ = 



a 



^a^ + 6* ' 



cos e' = 



a 

Va« + 6«' 



(t) 



and hence, substituting in (25) 

o^' + ay' 



X = 



Va» + 6« ' 



y = 



- bx' + by' 



(u) 



Finally, substituting these values of x and y in (19), we have 

{x' + y'Y {'X' + y'Y 



or, reducing, 



a* + 6» o' + 6» 

x'y' = i(a' + 2^). 



= 1 



(m) 



If OX", OF", Fig. 55, be taken as the new X- and F-axes 

8 
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respectively, instead of OX' and 07', the values of sin B, cos d, 
sin $\ cos 6^ will be the same as before, except that sin 6 will be 
positive and cos 6' negative. Hence instead of (u) we have 

ax' — ay' hx' + by' 

and substituting in (19) and reducing the result is 

xV = - iia^ + 6^). (iv) 

The form of (iii) and (iv) shows that the product of the co- 
ordinates of any point on the hyperbola, referred to the asymp- 
totes, is a constant. Dropping the accents, and replacing 
zfc i(a2 -h b^) by c, a constant, the equation takes the form 

ayy = c. (27) 

If c is positive the signs of x and y must be a^ke, so that the 
curve lies in the first and third quadrants, but if c is negative 
the signs of x and y are unlike, and the curve lies in the second 
and fourth quadrants. 

If the coordinate axes (the asymptotes) are at right angles the 
hyperbola is equilaieral. 

The equilateral hyperbola is the form of this curve which 
most commonly occurs in problems of physics and engineering, 
and the equation referred to the asymptotes as axes of coordi- 
nates is the one most often employed. 

Exercise. Make careful drawings of the two hyperbolas xy = 4 
and xy = — 4, referred to rectangular axes. 

62. Equations of the conies in more general form. 

I. Equation of the parabola with vertex at (xo, yo)i dnd axu 
parallel to one of the coordinate axes. 

Let V be the vertex of a parabola, whose axis VX' is parallel 
to OX. Referred to X'VY' as coordinate axes, with x', y' as 
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variables, the equation of the parabola will be 



/* — 



2/'" = 2vx\ 



Let the coordinates of F, re- 
ferred to XOYy be OM = Xo, 
MV = 2/0, then the coordinates 
of 0, referred to TVY\ will be 
MO = — Xo, FAf = — 2/0, and 
hence by (2), p. 81, the formulas 
for transforming from the sys- 
tem X'VY' to the system XOY 
will be 



a:' = X - xo, y' = y — 2/0. 



(u) 



Fig. 56 



Substituting these values in (i) we have 

iy - 1/0)' = 2p(iK - aJo), 

which is the required equation. 

In more general form (28) may be written 

(y - yo)' = c(x - a5o), 



(t) 



Y 


Y 


^ 




V X' 





"M 


^<. 



(28) 



(29) 



where c is any constant positive or negative, and the focus of 
the parabola will lie on the positive or negative side of V ac- 
cording as c is positive or negative. 

Similarly 

{x - xoY = c(y - yo) (30) 

is the equation of a parabola with vertex at (xo, yo) and axis 
parallel to the F-axis. Compare Art. 51, IV. 

II. Equations of the ellipse and hyperbola with center at (xo, 2/0). 

If the coordinates of C, Fig. 57, referred to the system XOY^ 
are (xo, 2/0), then as in I, by transformation of equation (10), p. 86, 
from the axes X'CY' to the system XOY, the equation of the 
ellipse with center at (xo, yo)f and axes parallel to the coordinate 
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axes is found to be 



(gg - agp)^ (y - yo)* - 



a' 



6» 



(31) 




Fig. 57 



In connection with equation 
(31) refer to the latter por- 
tion of Art. 53. 

Similarly by transforma- 
tion of equations (19), p. 
91,. and (21), p. 92, the 
equations of the hyperbolas 
with center at (o^o, 2/0), and 
axes parallel to the coordin- 
ate axes are found to be 



(ag - a?o)» (y - yo)* 



a* 
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= ± 1. 



(32) 



In like manner the equation of the hyperbola with center at 
(^0, yo)i and axes parallel to the asymptotes is derived from (27). 



(05 - a5o)(y - yo) = c. 



(33) 



63. The parabolic arch.— Let 07A, Fig. 58, represent the 
outline of an arch in the 
form of a parabola, and y 

let the distance OA, called 
the span, be represented 
by s, and the height MV, 
called the rise, by r. 
Taking the axes as indi- 
cated in the figure, the 

vertex of the parabola is at the point (Js, r) and its axis is 
parallel to OF. Hence from (30) the equation will be 




Fig. 58 



(x - J«)» = c(y - r), 



(i) 
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in which c is to be determined so that the curve shall pass through 
the origin. Substituting a; = 0, y = in (i), we have 

4«2 = — cr, or c = — 7- . 

4r 

Substituting this value of c in {i) and reducing 

Arx^ — 4rsx + ^y = 0. (34) 

64. The equation Aa^ + By^ + Oac + Fy + C = 0. 
This equation, except in certain cases easily recognized, always 
represents a conic. It will now be shown, by means of examples, 
how to treat an equation of this form in order to determine the 
nature and position of the locus to which it corresponds. 

1. 2x2 + 5t/2 - 8x + 7t/ - 12 = 0. 

By rearranging the terms the equation becomes 

2(x^ - 4x) + 5(2/2 + iy) = 12, 
and completing the squares in the two parentheses 

2(x2 - 4a: + 4) + 5(1/2 + |t/ + ^) = 12 + 8 + M, 
or 

2(x-2)2+5(2/+T2y)2 = 4jV^, 

which reduces to 

(X - 2)2 {y -h ^)2 _ 

Comparing this with (31) it is seen that the figure is an ellipse 
with center at (2, — -j^), a = V^S and h = VfH- The 
major axis is parallel to OX, 

2. y2 4. 6a; - 71/ + 15 = 0. 

The 'term in x^ is missing, and the operation is therefore 
modified accordingly. We write first 

y^ -7y = - 6x - 15, 
and then 

y" -7y + ^= - 6a; - 15 + ^, 
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or t 

(y - i)* = - 6(:c + H). 

By comparison with (29) this is seen to be a parabola with 
vertex at (— ^, J), and axis parallel to OX. The focus is 1§ 
units on the negative side of the vertex, and the length of the 
latus rectum is 6. The student should construct the curves 
in the two preceding examples. 

The examples which follow illustrate exceptional cases which 
arise. 

3. 2x« + 2/« - 8a; + 4y + 12 = 0. 

This equation reduces to 2{x — 2)* + (y + 2)*= 0. Hence 
the only real coordinates which will satisfy it are x = 2, y = — 2. 
It therefore represents the point to which an ellipse shrinks as 
its semi-axes a and h simultaneously approach zero. 

Since the equation can be written in the form 

l^(x - 2) + i(y + 2)][ V2(x - 2) - {{y + 2)] = 

it may also be interpreted as representing a pair of imaginary 
lines meeting in the real point (2, — 2). See footnote, p. 67. 

4. 2a;« - 2/« - 8x + 42/ + 4' = 0. 

This equation reduces to 2(x - 2)« - (y - 2)* = 0. It 
therefore represents the two straight lines 

^(x - 2) + (y - 2) = 0, ^{x - 2) - (y - 2) = 0. 

This is a limiting form of the hyperbola as its semi-axes simul- 
taneously approach zero. 

5. 2a;* -h y* - 8x -I- 4y + 16 = 0. 

This equation after transformation takes the form 

(x - 2)« (y + 2)« _ 
2 "^ 4 " ' 

which is not satisfied by any real values of x and y. It is there- 
fore the equation of an imaginary locus. 
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ExEBCiSES ON Chapter V 
Normal Exercises 

1. Construct accurately the conies determined as follows 
(a) e = 1, distance from focus to directrix = } inch. 

(6) e = J, distance from focus to directrix = 1} inches, 
(c) e — if distance from focus to directrix = 1 inch. 

2. Derive the equations of the conies in Ex. 1, using the directrix 
as F-axis, and the principal axis as X-axis. 

3. Find the equations of the conies determined by the following sets 
of conditions, cmd draw each curve. 

(a) The parabola, with vertex at the origin, p = 2, and foci^ on 
the positive extension of the X-axis. 

(b) The parabola, with vertex at the origin, and focus at (0, — 4). 

(c) The ellipse, with center at the origin, a = 4, 5 == 2, and major 
axis in the X-axis. 

(d) The ellipse, with center at the origin, one focus at (0, 3), and 
e~l 

(e) The hyperbola, with center at the origin, a =» 2, & « 4, and 
transverse axis in the X-axis. 

(/) The hyperbola, with center at the origin, a = 2, e = f , and 
transverse axis in the F-axis. 

(g) The hyperbola, with a » & » 4, referred to its as3rmptotes as 
axes of coordinates. 

4. Find the equations of the conies determined by the following 
sets of conditions, and draw each curve. 

(a) The parabola with vertex at (— 2, 4), p = 4, the axis parallel 
to the X-axis, and the curve lying on the positive side of the vertex. 

Ans. y* — 8x — 8y = 0. 

(&) The parabola passing through (0, 4), with vertex at (2, — 3), and 
axis parallel to the X-axis. Ans. 22/* -f 49x -f- 12y — 80 = 0. 

(c) The ellipse, with center at (2, 1), a » 4, & » }, and major axis 
parallel to the X-axis. 

(d) The ellipse passing through the origin, with center at ( — 2, — 3), 
one vertex at (—2, 7), and major axis parallel to the F-axis. 

Ans. 91x» + 4i/* + 364a; + 24y = 0. 



104 ANALYTIC GEOMETRY [Chap. V] 

(e) The hyperbola, with center at (— 1, — 1), a = 3, 6 = 7, and 
tnuisverae axis parallel to the F-axis. 

(/) The hyperbola passing through (8, 0), with center at (4, 2), 
& « 2| and tranaverse axis parallel to the X-axis. 

Ans. X* - 2y* - 8x +8y = 0. 

5. Determine the nature and position of the conies having the 
equations ^ven below. If the curve is an ellipse or hyperbola find its 
eceentrieUy and semiHixeSf the coordinale^ of its cerder and focij and the 
equations of its axes and directrices. If the curve is a parabola find the 
coordinates of its rerfex and focus, and the equations of its axis and 
c/irec^nx. 

(«)!/•-- lOx, (/) 4x« - y* = - 9, 

(6) 9a:» - 4|/, (^) 4x« - J/* - 12x - 62/ + 23 = 0, 

(c) x« -f 92/» = 9, (A) 9x« + 42^ + 18x - 27 = 0, 

((f ) 4x^ + y» = 9, (t) 4j/* - 7x - 82/ + 1 = 0, 

(e) a^ - 92/» = 9, (A;) 3x« + 2y^ + 12x - 122^ -{- 34 = 0. 

6. Find the lengths of the focal radii of those points on the ellipse 
7x* + Id^ = 28 whose abscissa is 1. Ans. f , V"- 

7. Find the lengths of the focal radii of those points on the hyperbola 
6x' — 4y* = 5 whose abscissa is — 3. Ans. J, ^. 

8. Write the equations of the as3rmptotes of the following h3rperbolas. 
Construct each curve and its asymptotes. 

(a) 4x» - 42/* = 9, (c) 25x« - 42/* = 49, 

(6) 36x» - 92/« = - 16, (d) 9x2 _ 36^2 = _ I6. 

9. Find the equations of the hyperbolas in Ex. 8 referred to their 
asymptotes as axes of coordinates. 

10. (a) Transform x* -|- 42/ = 8 to new axes parallel respectively to 
the old axes, with the new origin at (2, 4). 

Ans. x'* + 4x' + 42/' + 12 = 0. 

(6) Transform 5x* + 4y* — 20x + 8y + 23 = in a similar maimer, 

with the new origin at (2, — 1). Ans. 5x'* + 4y'* = 1. 

(c) Transform x* — y* = 4 to new axes through the same origin, 
the new axes making angles of 30° and — 30° respectively with the 
original X-axis. Ans. x'* + Ax'y' + y'^ = 8. 

(d) Transform x* -|- 4?/* + 4x2/ — 36 = in a similar manner to 
new axes having the slopes 2 and — } respectively. 

Ans. 5x'' - 36 = 0. 
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General Exercises 

Note. In exercises 11-19 the equations of the curves are to be 
found from the data, and the results checked graphically. 

11. The parabola with vertex at (— 4, 0), and directrix x — 2. 

Ans. 2/2 - 24x - 96 = 0. 

12. The parabola with axis parallel to the K-axis, which passes 
through the points (0, 0), (2, 4), (- 2, 4). Ans. a^ - y = 0. 

13. The parabola with axis parallel to the X-axis, which passes 
through the points (2, 4), (4, 8), (1, - 1). 

Ans. 2/' + 32/ - 30a; + 32 = 0. 

14. The ellipse which has the line from (2, 4) to (8, 4) for major 
axis, and one focus at (4, 4). Ans. 8x« + 92/* - 80a; - 12y + 272 = 0. 

15. The ellipse with center at (10, — 5), one focus at (4, — 5), and 
a; = 2 for the corresponding directrix. 

Ans. a?» + 42/« - 20a; + 402/ + 152 = 0. 

16. The ellipse with one focus at (4, 2), one vertex at (4, — 10), 
and the minor axis in the line 2/ = — 2. 

Ans. 4a;« -f 32/* - 32x + \2y - 116 = 0. 

17. The hyperbola with center at (0, 0), one focus at (0, 6), and one 
vertex at (0, 4). Ans. 52/* - 4a;* = 80. 

18. The hyperbola whose transverse and conjugate axes are in the 
X' and y-axes respectively, whose eccentricity is 2, and which passes 
through the point (2, 3). 

19. The hyperbola with transverse axis in the F-axis, which has 
32/ — 2a; = for one asymptote, and one focus in the line y = — 4. 

Ans. 1172/* - 52a;* = 576. 

20. Regarding the circle as an ellipse in which & = a, locate its foci 
and directrices, and determine its eccentricity. 

21. Show that the equation of an ellipse referred to its major axis 
as X-axis, and the tangent at the left-hand vertex as F-axis is 

6* 
2/* = "5 (2aa; - a^'), or j/* = (1 - €*)(2oa; - a;*). 

Cv 

22. The asymptotes of the hyperbola xy = 4 are inclined to each 
other at an angle of 60°. Find a and 6. Ans. 2'>/3, 2. 

23. Using the definition of Art. 45 find the equation of 

(a) the parabola with focus at (2, 4) and x + y = 1 f or directrix, 

Ans. a^' - 2a;2/ + 2/* - 6a; - 142/ + 39 = 0. 
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(b) the ellipse with focus at (—2, 2), eccentricity = i, and Zx — 2y 

+ 4 = f or directrix, 

Ans. 43x» + 12xy + 48j/» + 184x - 192y + 400 = 0. 

(c) the hyperbola with focus at (—1, — 2), eccentricity = }, and 

4x — y = OfoT directrix. 

Ans. 76x* - 72xy - 59y^ - 136x - 272y - 340 = 0. 

24. Derive an equation which will represent all ellipses whose foci 
are the points (4, 0) and (—4, 0). Ans. -^ + , _ ^ = 1, a > 4. 

25. Derive an equation which will represent all h3rperbolas whose 

x^ v^ 

foci are the points (4,'^0) and (— 4, 0). Ans. -^ + ^ _ ^ = 1, a < 4. 

26. Find for what values of c the straight line 3x + 4^/ = c cuts the 
circle a:* -|- y* = 25 in (a) two real and distinct points, (6) two coincident 
points, (c) two imaginary points. 

Ans. (a) - 25 < c < 25, (6) c = 25, (c) c» > 625. 

27. Find the coordinates of the real intersections of the following 
pairs of curves. Draw the figure for each case. 

(a) x» + J/* = 16, and y^ = 6x. Ans. (2, ± 2^3). 

(6) x« - 2/« = 10, and xy = 12. Ans. (3>/2, 2-nS), (- 3^, - 2^). 

(c) x» + 6y* = 1, and x* -f 5y == 0. 

(d) Ox* + 25y« = 225, and x« - 162/» = 16. 

28. Find the coordinates of the intersections of the parabola ^ = 3a; 
with the curve 42/* = x(2x — 3)(2x — 7). Check graphically. 

Ans. (0, 0), (i, ± iV6), (, i± }V6). 

29. Find the coordinates of the real points where the ellipse 16x* 
+ y* = 64, and the curve y* = x{x — 2)(x — 4) intersect. Check the 
results graphically. Ans. (2, 0). 



CHAPTER VI 
TANGENTS, NORMALS, DIAMETERS, POLES AND' POLARS 

66. Definition of a tangent. 

1. If a secant intersects a curve in two points, one of which is 
fixed, and then moves in such a way as ultimately to bring these two 
points into coincidence, this limiting position of the secant is called 
the tangent to the curve at the fixed point. 

Thus if the secant ABi, Fig. 59 (a), moves so that the points 





Fia. 59(a) 



Fig. 59(6) 



remains fixed while Bi travels on the curve through the positions 
^2, Bz, etc., until it comes into coincidence with A, then PQ, the 
limiting position of the secant, is the tangent to the curve at A. 
A secant may be moved into the position of tangency in other 
ways. Thus in Fig. 59 (b) i: moves so as to remain parallel to 
its original position, until its two points of intersection come into 
coincidence and the secant becomes the tangent A. 

This explanation shows that a tangent to a curve may be 
regarded as meeting the curve at the point of tangency in two 
coincident points. 
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66. Tangents to the conies* in terms of the slope. 

The question to be investigated may be stated thus: 

Given the equation of a conic to derive the equation of a straight 
line, with given slope, which shall he tangent to the curve, 

I. The tangent to the ellipse (x^/a^) + (y^/i^) = 1 in terms of 
the slope. 

Let AB he & straight line having the given slope m. Its 
equation will then be 

y = mx -\- k. (i) 

If y be eliminated between this equation and that of the ellipse 
the result is 



x^ , (mx + k)^ 



-.+ 



a* 



¥ 



1, 



or, after reduction, 



(a^m^ + 62)x2 + 2a^mkx + a^k^ - a^b^ = 0. 



(u) 



The roots of this quadratic in x are the abscissas MP, NQ of 
the points where AB cuts the ellipse. If AB be moved so as 




Fia. 60 

to remain parallel to its original position, m will remain constant 
in (i) and (u), but k will vary, and when AB takes either of the 
positions AiBi, A2B2, tangent to the ellipse, the roots of equa- 

* The word " conic " as used here includes the circle, as well as the 
ellipse, hyperbola, and parabola. 
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tion (u) will become equal. When these roots are equal (see 
II (6) p. vii) 

4o*m*ifc2 - 4(a2m* + b'Kd'k^ - a'^b^) = 0, 
or 

ly'k^ - a^m^b^ - 6* = 0, 
from which 

These are therefore the values of k for which the straight line 
y = mx + k will be tangent to the ellipse, and hence these 

tangents are 

y = mx dz ^a^rn^ + W, (1) 

It may be observed that the first ^orm of this result corre- 
sponds to the tangent A2B2, Fig. 60, whose y-intercept is 
positive, and the second form corresponds to iliBi, whose 
y-intercept is negative. 

II. The equation of the tangent to the hyperbola 

— _ ^* = 1 
in terms of the slope m, is 



y = mx dr ^a^m^ - 6*. (2) 

This result is obtained simply by changing the sign of 6* 
throughout the foregoing demonstration. 

III. The equation of the tangent to the circle x* + t/* = r* in 
terms of the slope m is 

y = mx ± r Vrw* + 1. ^ (3) 

This result is obtained from (1) by substituting a = 6 = r. 
The student should for practice derive (2) and (3) inde- 
pendently, as (1) is derived. 

IV. The equation of the tangent to the parabola y^ = 2px in 
terms of the slope. 

Let 1/ = Twx + A; be a straight line having the given slope. 
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As in I eliminate y between the equation of the line and that 
of the parabola, then 

m^x^ + 2(mk — p)x + A;* = 0. 

This equation will have equal roots if 

4(mA; - p)* - ^m^k^ = 0, or - 2fnpk + p» = 0, 

from which 

2m • 

Hence the required equation is 

y = ma5 + ^. (4) 

Since only one value of k is found, there is in the case of the 
parabola only one tangent having any given slope. 

Exercises. The complete solution of the following exercises includes 
in every case a well-drawn figure. 

1. Write the equation of the tangents 

(a) to x* + 2/* = 25, having the slope + VS; 

(6) to (xV9) - (yV25) = 1, having the slope - 2; 

(c) to 2/* = 12a;, having the slope 3; 

(d) to (xV16) + (2/V9) = 1, having the slope - 1; 

(e) to (x*/5) + (y^l2) = 1, haying the slope f; 
(/) to (a^/SQ) - (1/V25) = 1, having the slope 1. 

Ans. (a) y = -^Sx db 10, (6) y = - 2x ± Vll, (c) y ^ Zx + 1, 

2. Show that the equations of the tangents to (a:*/b*) + (2/*/o^) = 1, 
with slope m, are y = mx =t Va* -f- ¥m^; and write the equations of 
the tangents to 7x* + Zy^ = 21 having the slope — "^3. 

Ans. y = — VSx ± 4. 

3. Show that the equation of the tangent to x* = 2py, having the 
slope m, is y ^ mx — ipm*; and write the equation of the tangent to 
a^ = lOy having the slope — 2. 

4. Show that the equations of the tangents to a:^ = c in terms of 
the slope m are y = mx ± 2V— mc; and write the equation of the 
tangent to xy = 3, having the slope — f . 



[Abt. 67] TANGENTS, NORMALS, DIAMETERS 



111 



5. Show by transformation of coordinates that the equations of the 
tangents to the circle (x — h)* + (y — A;)* = r* with the slope m are 
y — A; = in(x — /i) ± rVl + m*. 

6. Deduce from the result of Ex. 5 the equations of the tangents to 
af* + y' — 4x + 2y — 11 =0 having the slope f . Also solve the 
problem independently. 

Ans. 2x -Sy -7 ± 4Vl3 = 0. 

7. Derive the equation of the tangent to x* — lOtc — 8y + 41 =0 
having the slope 2. Ans. y = 2a; — 16. 

8. Derive the equation of the line with slope — i tangent to 
4y* - 16x + 4y -f 17 = 0. Ans. a; + 22^ + 4 = 0. 

9. Deduce from equation (2), and from the results of Ex. 4 the 
values of m for which the tangents will be imaginary in each case, and 
draw figures illustrating the results. 

67. Tangents to conies in terms of the coordinates of 
the points of tangency. 

I. Problem. To derive the equation of the tangent tx> the conic 

Ax'' + By^ + Gx+Fy + C-=0 (i) 

at the point (xi, yi). 

Let AB he & portion of the conic whose equation is (i), 
Pii^if 2/i) the point of tangency, and P2(xi + hy yi + k) any 
other point on the conic, then PiN = A, and NPi = k. The 
slope of the chord P1P2 is tan NP1P2 = k/h. 

As Pi moves on the curve 
so as to approach Pi, the 
chord P1P2 approaches the 
tangent PiQ, and at the same 
time k and h approach the 
limit zero. Hence the slope 
of the tangent PiQ is the 
limit of the ratio k/h as k 
and h approach the limit 
zero. The value of this limit 
may t)C determined as follows. 




Fig. 61 
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Since Pi and Pt are both on the conic their coordinates will 
satisfy equation (i), hence 

Azi* + Byi* + Gxi + Fyi + C = 0, (ti) 

and 

A{xi + hY + B{y^ + ky + G(xi + h) 

+ F(yi + A:)+C = 0. (iii) 

Expanding (iii) and subtracting (tz*) from it the result is 

2Axih + Ah" + 2Byik + Bk" -\' Gh + Pk = 0, 
or 

h(2Axi + Ah + G)+ k(2Byi + Bk + P) = 0, 



iiv) 



from which 

k ^ 2Axi + Ah-\-G 

h " 2Byi + Bk-{- P' 

Hence from (iv), as h and k approach the limit zero, 

^ . k 2Axi + G 

JLiim T = ;:^ ^ . 

h 2Byi + P ' 

which is the required slope of the tangent at (xi, t/i). By equa- 
tion (5), p. 41, the equation of the tangent is therefore 

2Axi + G , . . . 

^ - ^' = - 2Bj^rTf ^" " "'^- ^"^ 

Clearing this equation of fractions and rearranging the terms it 
becomes 

2Axix + 2Byxy + Ga: - Gxx + Py - Fyi 

- 2Axi^ - 2Byi^ = 0. (vi) 

Adding to (vi) twice equation (u), the result is 

2Axix + 2By,y + Gx + Gxi + Fy + Fyi + 2C = 0, 

and dividing by 2, we have finally 

Axix + Byiv + hO{x + xi) + ^Fiy + yi) + C = 0, (5) 
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which is in more convenient form than (v) or (ri), and is the 
required result. 

II. By comparing (5) with the equation of the conic (i) it 
will be seen that the two equations have well-defined resem- 
blances. It is easy therefore, when the equation of a conic is 
given, to write the equation of the tangent at a given point. 
The following example shows how this can be done. 

Let the conic be 

2x« - 3y* + 7x - 42/ - 19 = 0. 

Rewrite the equation thus 

2xx - Syy + i{x + x) - 2(y + y) - 19 = 0, 

and affix subscripts to one of the variables in each term where 
they are multiplied, and in each pair of terms in parenthesis, 
thus obtaining 

2xia: - Syix + ^x + a^i) - 2(y + yi) - 19 = 0, 

which is the equation of the tangent at the point (xi, yi). If 
the point (3, 2) be taken as the point of tangency, the equation 
of the tangent to. the conic at this point will be 

Qx-6y + iix + 3) - 2(2/ + 2) - 19 = 0, 
or 

19x - 162/ - 25 = 0. 

III. From equation (5) it is easy to write the equations of 
the tangents to the conies in the following special cases by 
substituting the appropriate values of A, 5, G, F, C. Thus the 
equation of the tangent at the point (xi, 2/1) to the 



circle 


ai» + 2/' = r« 


is 


xix + yiy = r*. 


(6) 


parabola 


f = 2px 


is 


ViV = p{x + aa). 


(7) 


ellipse 


X* 1/* 

? + ? = ! 


in 


xix yvy 
a» "^ 6» ~ ^• 


(8) 


hyperbolas 


0« t» *^ 


is 


xix y\y . 


(9) 



9 
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The student should derive each of these equations independ- 
ently by the process used in deriving (5). 

IV. To derive the equation of the tangent at the point (xi, yi) 
to the hyperbola xy = c, with either rectangular or oblique axes, 



Pi(«i**iyi**) 




Fig. 62 



take two points on the curve, Pi{xi, t/i), Pzixi + h, yi + k), 
and draw the secant ABy through them. Its equation by (2) 
p. 40, and Art. 29, will be 



y - yi = jj^ix - xi). 



« 



As P2 approaches Pi on the curve the secant PiPj approaches 
the tangent at Pi, and h and k approach the limit zero. To 
find the limit of k/h substitute the coordinates of Pi and Pj in 
the equation xy = c, obtaining 

xiyi = c, and (xi + h){yi + k) =- c. 

Expanding the second of these and subtracting the first from it 
the result is 

kxi + hyi + M = 0, 
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from which 

k _ Vi + k 

h Xi 

Hence as h and k approach the limit zero, 

Lim - = -, 

h Xi 

and therefore, substituting in (i), we have 

2/1/ V 

y - 2/1 = {x — xx). 

Xi 

Reducing, and remembering that xiyi = c, the result is 

yinc + xiy = 2c. (10) 

68. The normal at any point on a conic. 

Definition. The perpendicular to the tangent to any curve 
at the point of tangency is called the normal to the curve ai thai 
point. 

From the results given in (6), (7), (8), (9), p. 113, and from 
equation (16), p. 52, the student can easily verify that the equor 
tion of the normal ai (xi, y\) to 

a:* + 2/* = r* is j/ — j/i = -^ (x — Xi) or y = ~a5. (11) 

^ == 2px is y - yi = - ^ (05 - a?i). (12) 

1 + ^=1 is y-yi = g;(a^-a^i). (13) 

|-^=±1 is y-yi= -^;(«-«0. (14) 

Note that (11) shows the normal at any point of the circle 
to be a line through the center, in agreement with a well-known 
property of the circle. 
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Exercises. The complete solution of the following exercises includes 
in every case a well-drawn figure. 

1. Write the equations of the tangent and normal 

(a) to a^ + l/» = 25 at the pomt (- 3, 4), 
(6) to I/* = 8x at the point (2, - 4), 

(c) to 4a^ H- 92/» = 25 at the point (2, 1), 

(d) to x» - 2/* « 16 at the point (- 5, 3), 

(e) to xy s 8 at the point (4, 2), 

Ans. (o) Tan. 3a; - 4y + 25 = 0, Nor. 4x + 3y = 0. 
(6) Tan. a; + y + 2 = 0, Nor. x - y - 6 = 0. 

(c) Tan. 8x + 9y - 25 = 0, Nor. 9x - 8y - 10 = 0. 

2. The point (— 1, 2) is on each of the following curves. Find the 
equations of the tangent and normal to each curve at that point. 

(o) 4x* H- y« - 24x + 4y - 40 = 0, Ans. Tan. 4a; - y + 6 = 0, 

Nor. X -h 4y — 7 = 0. 

(6) 4x« - i/« - 24x + 4y - 32 = 0, Ans. Tan. x + 1 = 0, 

Nor. y - 2 = 0. 
(c) 4x» - 24x + 4y - 36 = 0, 

3. Derive the equations of the tangents to the conies in Ex. 1, at 
the points indicated for each, by using the process of Art. 67, I. 

4. Derive the equation of the tangent to the curve y = x*, at the 
point (2, 8), by the method of Art. 67, I. Ans. y = 12x — 16. 

5. Derive the equations of the tangents to the curves x* 4- y* = 25 
and 3y' » 16x at one of their points of intersection, and determine 
the angle between the tangents. Ans. tan~^ ^. 

6. Using equation (6) determine the equations of the two tangents 
to the circle x* -+- ^ = 25 which pass through the point (1, 7). 

Ans. 4x + 3y = 25, - 3x + 4y = 25. 

7. Using equation (6), show by transformation of coordinates that 

the equation of the tangent to (x — h)^ + (y — fc)* = r*, at the point 

(xi, yi) is 

(x - h)(xi -'h) + {y- k)(yi - fc) = r«. 

69. Diameters of conies. 

I. Depinttion. a diameter of a conic is the locus of the 
middle points of a system of parallel chords. 
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The definition of the diameter of a circle in elementary 
geometry, a line passing through the center, is included in the 
definition just given, because a 
diameter of a circle bisects all 
chords perpendicular to it. 

II. Theorem. A diameter of 
a parabola is a straight line 
parallel to the axis of the curve, 
and conversely, every line par- 
allel to the ojds of a parabola is 
a diameter. 

Let MN be a line with slope 
m, meeting the parabola y^ = 2px 
in the points Pi, Pj. The equa- 
tion of MN may be written 
y = mx + k. Let (xi, yO, (x2, 

2/2) stand for the coordinates of Pi, P2, respectively, and let 
P{^o, Vo) be the middle point of the chord. Then by (6), p. 9, 

xo = i(xi + X2), j/o = i(yi + 2/2). (i) 

To express the values of xi, x%, 1/1, yt in terms of the given 
constants, p, w, and k the equations y' = 2px and y = mx + k 
must be solved simultaneously for x and y. Eliminating x we 
have the quadratic 




FiQ. 63 



my* — 2py + 2pk = 0, 



(ii) 



whose roots are yi and 2/2, the ordinates of Pi and P2 respectively. 
Hence from (i), (ii) and II (c), p. viii. 



2/0 = i(yi + yi) = - 

m 



(Hi) 



Since the value of yo in (Hi) does not contain k, it follows that 
the middle points of all chords hamng the slope m are at the 
same distance p/m from the axis of the parabola. Hence there 
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18 no necessity for finding the values of x, and the line 

P 



V = 



m 



(16) 



parallel to the axis of the curve is the diameter corresponding 
to this system of parallel chords. 

To prove that every line t/ = c is a diameter of the parabola 
2/* = 2px, it is only necessary to write c = 'pl'^i from which 
m s p/cy which will be the slope of the system of chords bisected 
by the line j/ = c, as appears from (15). Hence y = c is a 
diameter of the parabola. 

III. Theobem. Every diameter of an ellipse is a straight line 
passing through the center. 

Let y ^ mx + k he the equation of the line MN, with given 

slope m, meeting the ellipse 
x^/a* + y^/b* = 1 at Pi, Pj, 
whose coordinates will be 
represented by (xi, t/O, (xj, yt). 
Let P(xo, yo) be the middle 
point of PiPj. Then as in the 
demonstration of II 

xo = i (xi + xj), 

yo = i (yi + 2/2). 
To find the values of Xi, xj, 
Vh y% in terms of a, 6, m, and A; solve the equations of the ellipse 
and line simultaneously. Eliminating y 

(a'm^ + 62)x2 + 2a'mkx + a*{k^ - 6J) = 0, 
hence as in II 

Xo = t(Xi + X2; = — 




Substituting this value of xo for x in y = mx + fc 

h^k 



(t) 



I/O = 



a^m^ + 6« ' 



(u) 
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Dividing (u) by (i) k is eliminated, and therefore the result 

?^=-.-^ 

is true for the middle point of every chord which has the slope m. 
Hence the equation of the locus of these middle points, that 
is the equation of the diameter bisecting the system of chords 
whose slope is m, is 

y = — -J— 05. (16) 

' This equation shows (1) that the diameter of an ellipse is a 
straight line, and (2) that it passes through the origin. As the 
origin is at the center of the ellipse the theorem is proved. 

IV. Theorem. Every diameter of a hyperbola is a straight 
line pa^ssing throttgh the center. 

This theorem is proved in the same manner as III, and the 
result is obtained simply by changing the sign of b^ throughout. 
Hence 

is the equation of the diameter of the hyperbola (x*/a*) — (y^/b^) 
= 1 which bisects the system of parallel chords which have the 
slope m. 

V. The points where the diameter of an ellipse or hyperbola 
meets the curve are called the extremities of the diameter. 

70. Conjugate diameters of ellipse and hyperbola. 

I. Definition. A pair of diameters of an ellipse or hyperbola, 
each of which bisects the system of chords parallel to the other, 
are called conjugate diameters. 

II. Theorem. // m and m' are the slopes of two diameters of 
an eUipse, they will be conjugate diameters if 

mm! = — ;;j • (18) 
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Lei m^ be the slope of the diameto' til the eHipae which iMsects 
the ffstem of pandld chords haYing the dope m, then from (16) 

ifT = — , Of mm = . 

crm a* 

III* Thsokbm. // in and m' ore £A« slopes of two diameters 
of the hyperbola (i^/a^) — (»*/&*) = 1, they vntt he eonjugaie 
diameter 9 if 

mm' ^^. (19) 

The proof is left to the student. 

IRxxaciOBB, 1. Find for each of the conies bdow the equation of 
ihe diameter which bisects the syston ci parallel dHnrds whose slope 
is the numbo' given, and determine the point or points where the 
diameter meets the conic. 

(a) 1^ -dsr,m« J; (c) 4c« + 9»* = 36, m - 1; 

(6) 1^ - 4a?, m « 1; (d) 4x* - 93/« = 36, m = 2. 

Ans. (a) (6, 6), (c) (^VIS, - AV13), (- AVi3, A VIS). 

2. Construct each of the followirg conies and mark on it the point 
whose coordinates are indicated. Find (i) the equation of the diameter 
to the point indicated, and (ii) the slope of the chords which the di- 
ameter bisects. Construct three chords of the system. 

(a) ^ - 4ir, (4, 4). Ans. (i) y = 4, (it) }. 
(6) 4ir^ H- 9i/* - 40, (1, - 2). Ans. (i) y = - 2x, (ii) f 
(c) aJ» - 4|/« - 9, (5, 2). (d) x» - j/* = 16, (5, - 3). 

3. In Exs. 1 (c) and 2 (&) find (i) the equation of the diameter 
conjugate to the one already found, (ii) the coordinates of the points 
where this conjugate diameter meets the curve. 

4. For each h3rperbola of Exs. 1 and 2 find (i) the equation of the 
diameter conjugate to the one already foimd, (ii) the coordinates of 
the points where this conjugate diameter intersects the conjugate 
hyperbola. Ans. to Ex. 2 (c), y = Jx, (4, {), (— 4, — }). 

5. What is the diameter conjugate (a) to the major axis of an ellipse, 

(b) to the transverse axis of a hyperbola? 
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71. Pole and polar with respect to a conic. 

' In the following discussion the results will be worked out in 
detail only for the circle. From these it will be easy to infer 
the corresponding results for the conies in general, or to work 
them out independently. 

I. Definition. The line joining the points of contact of two 
tangents to a circle {or conic) is called the cfiord of contact of the 
two tangents. 

II. Theorem. If two tangents to the circle x* + |/* = r' meet 
ai the point (xo, t/o) the equation 
of the chord of contact is Xox 
+ y^v = r*. 

The coordinate axes are omit- 
ted from the figure to save 
useless complication. Let the 
equation of the circle be x^ 
+ y* = r*, and let the points 
of tangency of the tangents ^ p ^ 

which meet at (xo, j/o) be (xi, 
y\) and (0:2, ^2) Then the equations of these tangents wiU be 

xix + yiy = r*, Xtpc + yiy = r*. {i) 

Since both of fhese lines pass through (xo, yo) we have identically 

XiXo + i/i^o = r«, X2X0 + 2/22/0 = r». (u) 

Then it is clear that 

ficoa? + y«y « r* ' (20) 

is the equation of PiP*, because, being of the first degree it is 
the equation of a straight line, and if the coordinates of Pi 
and Pi be substituted for x and y it is evident from {ii) that it is 
satisfied. Hence the line (20) passes through Pi and Pi. 

III. Theorem. // through a fixed point Po(xo, 2/0) ^^ the 
plane of a circle {or conic) a straight line he drawn meeting the 




122 



ANALYTIC GEOMETRY 



[Chap. VI] 



circle {or conic) in the points A and 5, and if tangents be drawn 
to the circle (or conic) at the points A and B, the locTis of the inter^ 
section of these tangents will be a straight line. 

Let the equation of the circle be x* + y* = r*, as in 11. The 
demonstration applies to both figures. Let the two tangents 





Fig. 66(a) 



Fig. 66(6) 



meet at Pi(xi, yi) then AB is the chord of contact of Pi, and 
hence by (20) the equation of A B is 

xix + yiy = rK (i) 

Since the line (i) passes through (xo, t/o) 

XiXo + 2/ii/o = r^. (u) 

Now let AB move, but always in such a way that it passes 
through Poy then it is clear from (w) that 

ocox + yoy = r* (21) 

is the equation of a straight line which is satisfied by the co- 
ordinates of Pi in all of its positions, hence this line (21) is the 
locus of Pi. 

Since the locus of Pi is a straight line, it may be constructed 
for any given position of Po, by drawing two secants through 
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Po, constructing the two pairs of tangents at the points where 
the secants intersect the curve, and connecting the two points 
where the two pairs of tangents meet. In Figs. 66 (a) and (b) 
the construction is completed with dotted lines, and PiP\ is the 
required locus. 

IV. Definition. The line whose equation has been derived 
in (21) is caUed the polar of the point P© with respect to the curve, 
and the point Po is called the Pole of the line, 

72. Discussion and extension of the results of Art. 71. 

Equations (20) and (21) have the same form as that of the 
tangent to the circle x* + y' = r* at the point (xo, 2/0). Hence 
the tangent to a circle and the chord of contact of a point are 
special cases of the more general relation of pole and polar. In 
all these cases the form of the equation is the same, the only dif- 
ference being in the location with respect to the circle of the fixed 
point (xo, Vq) whose coordinates appear in the equation. 

If in Art. 71 the equation of a conic had been used instead 
of that of a circle the nature of the results would have been the 
same. 

ExEBCiBES. 1. Write the equations of the polars of the points (6, 4), 
(4, 4), (2, 4) with respect to each of the conies given below, and con- 
struct separate figures for each curve with its poles and polars. 

(a) x« + y« = 32, (6) 3x» + y« = 64, (c) 2/« = 4x, 

(d) 4x» - i/« = 48, (e) x» = 4y, (/) xy = 16. 

Ans. (a) 3a; + 2y = 16, a; + y = 8, x + 2y = 16. 
(c) 2y = x + 6, 2y = a; -h 4, 2y » a; -h 2. 

2. Show that for any conic the polar of a focus is the corresponding 
directrix. 

Exercises on Chapter VI 

Normal Exercises 

1. For each conic below find the equation of the tangent or tangents 
having the slope indicated. Check the results graphically. 

(a) 81x» -h 175»* = 63, m = - J; (6) y» » 6a;, m = 2; 



124 ANALYTIC GEOMETRY [Chap. VI] 

(c) 16a;« - 252/» = 16, m = 1; (d) 9x« + V =« 26, w = i 

Ans. (o) 3a; + 52/ ± 4 = 0, (6) 8a; - 4y + 3 = 0. 

2. Determine the equations of the tangent and normal to each conic 
below at the point indicated. Check the results graphically. 

(a) x« + 42/« + 2x + 82/ - 20 = 0, (2, - 3); 

(fe) a;s _ yt _ 4a; + 62/ + 7 = 0, (4, - 1); 

(c) IQa^ + 162/* - 25 = 0, (1, - i); (d) 2/« + 8a; = 0, (- 2, - 4); 

(e) a;« + 92/« = 40, (-2,2); (/) a;» - 2/« + 16 = 0, (-3,5); 

(g) 4a;« - 92/« = 7, (2, - 1); (^i) xy ^ Q, (2, 3). 

Ans. (a) Tan. 3x - 82/ = 30, Nor. 8a; + 3j/ = 7. 

(6) Tan. a; -f 22/ - 2 = 0, Nor. 2x - 2/ - 9 = 0. 

3. For each conic below find the equation of the diameter which 
bisects the system of parallel chords having the given slope. Construct 
the figures. 

(a) 2/* = 6a;, m = - 3; (6) 4a;» + 2/« = 36, m = J; 

(c) 4a;* - 2/* = 36, m = }. 

4. For each conic below find the equation of the diameter to the 
point indicated, and the slope of the chords which it bisects. Construct 
the figures. 

(a) 2a^ + 32/* = 50, (- 1, - 4); • (&) 2/» = 6x, (2, 2^3); 

(c) 4x* - 2/* = 32, (- 3, 2). Ans. (a) y = Ax, - J. 

5. For each ellipse and h3rperbola in exercises 3 and 4 find the 
equation of the diameter conjugate to the one indicated. 

6. For each conic below find the equation of the chord of contact 
of the point mdicated. Construct the figures. 

(a) a;* + 2/2 = 36, (2, 6); (6) 4x* + 92/* = 100, (3, 4); 

(c) 2/* + 4a; = 0, (2, - 3); (d) a;* - 42/* = 16, (1, 3); 

(6) xy = 5, (2, 2); (/) 4a;* - 2/* + 16 = 0, (1, 3). 

7. For each of the following conies determine the equation of the 
polar of the point indicated. Construct the figures. 

(a) a;* + 2/* = 49, (- 1, 1); (6) 4a;* + 92/* = 36, (2, 1); 

(c) 4a;* - 92/* = 36, (4, 1); (d) a;* - 2/* + 16 = 0, (8, 1) 

(e)2/* = 8a;, (2,-3); (/)a;2/ = 4, (-4,-2). 



TANGENTS, NORMALS, DIAMETERS 126 

General Exercises 

8. Find the equations of the tangents to 4x* + I62/* = 25 which are 
parallel to4x — 5y + 7 = 0. 

9. Find the equations of the tangents to z* — 4^ = 9 which are 
perpendicular to 2x — 4y — 3 =0. 

10. Using equation (7) determine the equations of the two tangents 
to y* » 4x which pass through the point (— 4, 3). 

Ans. x+y -hi =0, a; — 4y -f 16 = 0. 

11. Derive the equations of the lines with slope V^, which are 
tangent to 15x* - 8j/» + 30x + 32j/ - 137 = 0._ 

Ans. y = V2x + 3 H- V2, y = ^x + 1 + >S. 

12. Find the equation of the normal toxy — ^ which has the slope }. 

Ans. X — 4y ± 15 = 0. 

13. Find the equation of the normal to ^ = 4x which is perpendicular 
to 3x - 4y = 0. Ans. 36x + 27y = 136. 

14. Find the equation of the normal to Sx* + 9^ == 72 whose 
slope is 1. Ans. Vl7x — Vl7y ± 1 « 0. 

15. Prove that the line joining the center of a circle to any point is 
perpendicular to the polar of the point with respect to the circle. 

16. Two perpendicular lines are tangent to ^ » 4x, one of them 
touching the curve at (1, — 2). Find the equations of these tangents, 
and show that they meet on the directrix. 

17. Two perpendicular lines are tangent to x* + 4y" = 20, one of 
which touches the curve at (4, 1). Find the equations of these tangents 
and show that they intersect on the circle x* -h y* = r*, where r* is 
equal to the sum of the squares of the semi-axes of the given ellipse. 

18. Find the equations of the normals to the ellipse (x*/a') + (y'/fe*) 
= 1 which pass through the center. Use equation (13), p. 115. 

19. Find the coordinates of those points of the ellipse (x*/o') + (j^/6*) 
= 1 the normals at which pass through a focus. 

20. If in an ellipse the normal at one extremity of the latus rectum 
passes through the opposite end of the minor axis, what is the ec centric ity 
of the ellipse? Ans. VjV5 — J. 

21. Given the coordinates (xi, yi) of one extremity of a diameter of 
the ellipse (x'/a*) + (2/*/^) = 1, determine the coordinates of the 
extremities of the conjugate diameter. 

Ans. (— (a/b)yij (b/a)xi) and {(a/b)yu — {h/a)xi). 
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22. Using the results of exercise 21 show that if a' and b' are the 
lengths of any two conjugate semi-diameters of an ellipse, then 

a'* + 6'* = a« + 6*. 

23. Given the coordinates (xi, yi) of one extremity of a diameter of 
the hyperbola (x'/a*) — (y*/6*) = 1, determine the coordinates of the 
extremities of the conjugate diameter. 

Ans. ((a/6)yi, (6/a)xi) and (— (a/6)yi, — (Jbla)xi), 

24. Using the results of exercise 23 show that if a' and h' are the 
lengths of any two conjugate semi-diameters of a hyperbola, then 
a'* - &'• = a« - 6*. 

25. Prove that the tangent at any point of (i) a parabola, (it) an 
ellipse, (in) a hyperbola is parallel to the chords bisected by the di- 
ameter drawn to that point. 

26. For each of the conies below determine the equation of the 
chord whose middle point is the point indicated 

(a) !/• = 4x, (2, 1). (6) x« + 4y« = 16, (1, 1). ^ 

(c) ^ = 6a;, (3, - 3). (d) a^ - 42/« = 16, (1, - 1). 

Ans. (a) 2x - y - 3 = 0, (&) x + 4y - 5 = 0. 

27. Find the equations of the two conjugate diameters of the ellipse 
T*/a*) + (y*/6*) =■ 1 whose lengths are equal. Ans. y = ± {h/a)x, 

28. Find for the following conies the equations of the two tangents 
to the curve from the point indicated in each case. 

(a) y« = 4x, (2, - 3). (6) 8x» + 2l2/« = 221, (- V, - ¥)• 

(c) xy = 2, (2, - 3). (d) 9a:« - 25i/» = 225, (5, 2). 

Ans. (a) x + y + 1 ==0, x -f 2y + 4 = 0. 

(6) 16x - 63y - 221 = 0, 40x - 21y + 221 « 0. 

29. Using the method of Art. 67, derive the equations of the tangent 
and normal to each of the following curves at the point indicated: 

(a)2/ = x»+2x, (1,3). (6) y = 2x» 4- 3, (-2,-13). 

(c) y = X* - 1, (2, 15). (d) 2/« = x», (1, 1). 

Ans. (a) Tan. 5x - y - 2 = 0, Nor. x + 5y - 16 = 0. 
(l> Tan. 24x - y + 35 = 0, Nor. x + 24y + 314 = 0. 



CHAPTER VII 



APPLICATIONS OF ANALYTIC GEOMETRY 

734 Remarks and definitions. — Analytic geometry is, in 
the hands of the mathematician, a powerful instrument for 
proving theorems relating to, and discussing the properties of, 
curves and loci whose equations are known. This chapter will 
be devoted to an explanation of some of the methods used. 
They will be illustrated by the discussion of properties of the 
conies. 

Definitions. I. The distance on the X-axis from the point 
where a tangent to a curve 
cuts this axiSy to the foot of Y 

the ordinate at the poirU of 
tangency, is called the sub~ 
tangent of the point. 

Thus TM is the subtan- 
gent of the point P. 

II. The distance on the 
X-axis from the foot of the 
ordinate at any point on a 
curve f to the intersection 

with the X-axis of the normal to the curve at that point, is called 
the sub^normal of the point. 

Thus MN is the subnormal of the point P. 

In other words the subtangent and subnormal of a point on a 
curve are the projections on the X-axis of the portions of 
the tangent and normal respectively which lie between the 
point of tangency and the intersection with the X-axis. 

127 




Fig. 67 
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74. Subtangent and subnormal of a point on the para- 
bola. 

I. The length of the svbtangent of P{xi, t/i) on the parabola 
t/2 = 2px 18 2x1. 

The equation of the tangent TP to the parabola t/* = 2px, 
at the point P(xi, yi) is (7), p. 113, 

yyi = pix + xi). 




y^ 



Fig. 68 

Making y = 0, we have x = — iCi, which is therefore the inter- 
cept OT of TP on X'X. But if OT = - xi, then TO = Xi, 
and hence the length of the subtangent TM is 



TM = TO + OM = xi + xi = 2xi. 



(1) 



II. The length of the subnormal of any point on the parabola 
y^ = 2px 18 constant and equal to p, the semi-latu^ rectum. 

The equation of the normal PN to y* = 2px at P(xi, yO is 
(12), p. 115, 

y - 2/1 = (x - xi). 

P 

Make y = 0, then x = xi + p, which is the length of OiV, the 
x-intercept of PN, Hence the length of the subnormal MN is 

MN ^ MO+ ON= - xi + {xi+p) =p. (2) 
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Let the student deduce from I and II two methods for con- 
structing the tangent to a parabola at a given point. 

75. Deductions from Art. 74, 1. 

I. The tangent ai any point of a parabola makes equal angles 
with the axis of the curve and the focal radius to the point of tangency. 

The notation is the same as in Art. 74, and also the figure, with 
the addition of the focal radius FP, and the directrix, which 
intersects the axis of the parabola at Z). Stee Fig. 69. 

From the definition of the parabola 

FP = DM ^ DO + OM = ip + xi, 
and from Art. 74, I 

TF = TO + OF = xi + Jp, 



hence 



FP = TF. 



The triangle TFP, therefore, is isosceles, and 

angle ftp = angle FPT. 



(3) 



Hence, also: 

II. The normal PN at any point on the parabola bisects the 
angle between the focal 
radius FP, and the diam- y 

eter PL through the point, 

76. Additional proper- 
ties of the parabola. 

I. The perpendicular 
from the focu^ of a parabola 
to any tangent meets the lat- 
ter on the tangent at the 
vertex. 

Let y^ = 2px be the par- 
abola, and draw FQ per- 
pendicular to the tangent TP, Fig. 69. To prove the theorem 

either form of the equation of the tangent, (4), p, 110, or (7), 
10 




Fig. 69 
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p. 113, may be used, 
the slope 



Let us choose the equation in terms of 



y = mx +;r-. 
2m 



(t) 



Hence FQ, the line through F(§p, 0), perpendicular to PT, has 
the equation 



m 



(u> 



Eliminating y from (t) and (u), and solving for x, we have 
after reduction, 

X = 0. 

Therefore, the intersection of PT and FQ lies on the F-axis 
which is the tangent at the vertex. 

II. The perpendicvlar from the focus of a parabola to any 
tangent meets the diameter through the poirU of tangency on the 
directrix. 

If (aji, yi) be the point of tangency the equation of the tangent 

is yyi = p{x + xi) and that 
of the diameter is y = y\. 
The details of the proof are 
"""^nT left to the student. 

77. Theorems on the 
ellipse. 

I. The normal at any point 
of the ellipse bisects the angle 
between the focal radii drawn 
to thai point. 

Let (x*/a2) + (y^/b^) = 1 be the ellipse, then the equation of 
the normal at the point P(xi, yi) is 




Fig. 70 



a^yi 



2/ - 2/1 = TTT (a; - Xi). 



0) 
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It is proved in elementary geometry that if a line PN drawn 
from the vertex F of a triangle FPF' divides the opposite side 
F'Fin segments F^N, NF which are proportional to the adjacent 
sides FT, FP, then this line bisects the angle F'PF, . Hence, 
PN being the normal to the ellipse at F, if the proportion 



F'N FP 
NF " FP 

is true, PN bisects the angle FTF. 
To show this let y = in (i), then 

A TO 

^ = 0N =. ^^-^xi = e^xi, by (11), p. 87, 

and, since F^O = OF = ae, 

F'N = F'O + ON = ae + eHi = e(a + exi), 

NF = OF - ON = ae - e^xi = e{a - exi), 

FN _ a + exi 
NF " a — exi 

Also by (w) and (ui), Art. 54, 



(u) 



(Hi) 



FP ^ a + ex, ( .^, 

FP a-exx' 

Hence from (m) and {iv) it follows that (n) is true, and there- 
fore the theorem is proved. 

Since PN bisects F'PF it follows also that the tangent PT 
bisects the angle FPR, 

This property connecting the tangent and normal at a poin.t 
of the ellipse with the focal radii drawn to that point affords a 
convenient method for constructing the tangent and normal 
to an ellipse at a given point. 

II. Definition. The circles concentric with a given ellipse^ 
and hcufing for diameters the major and minor axes of the ellipse, 
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auxiliaqf chde of the dHpse. 



K^AP. vh] 

amd ike ndnoT 




Fig. 71 

Thus the circle ADA'jy is the major auxiliary circle of the 
ellipse ACA'C'f and the circle BCB'C is the minor auxiliary 
circle. 

III. Definition. A pair of points P, F', Pig. 71, on an ellipse 
and on its major auxiliary circle, determined by a perpendictdar 
to the major axis, are caUed corresponding points. 

IV. Theorem. The ordinates to a pair of corresponding points 
on an eUip^e and its major auxiliary circle are to each other re- 
spectively as b is to a. 

Taking the coordinate axes as indicated in Fig. 71 the equa- 
tion of the ellipse ACA'C is 



— k — = 1 
a* ^ 6' ' 

and that of the major auxiliary circle ADA'D' is 

X* + !/* = O*. 



(i) 



(ti) 



The corresponding points P, P' have the same abscissa OM =i x. 
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Designate MP by y, and MP' by y\ Then from (i) 



MP = y = - Va* - 



a 



and from {%%) 



MP' = y' = VS^ 



x^ 



x\ 



Dividing (m) by (w) 






h 
a 



{Hi) 



W 



(4) 



78. The eccentric angle of a point on the ellipse. 

I. Definition. The eccentric angle of a point on the ellipse 

is the angle between the major 
axis and the line connecting 
the center with the correspond- 
ing point on the major auxili- 
ary circle. 

Thus, the angle AOF = 4> 
^ is the eccentric angle of the 
point P on the ellipse. 

II. Theorem. The coordi- 
nates of a point on the ellipse 
in terms of the eccentric angle 
are 




y = b sin 0. 



(5) 



or X = a cos 0, 



Fig. 72 

X = a COS 0, 

From the right triangle MOP' 

OM = OP' cos 0, 

since OP' = OA = a. 

Also, MP' = OP' sin 0, or, letting MP' = y', y' = a sin 0. 
Hence from (4), 

MP = y = b sin <l>. 
When the coordinates of a point on a locus are thus expressed 



134 



ANALYTIC GEOMETRY 



[Chap. VII] 




in tennfl of a third variable, this variable is called a parameter, 
and the equations (5) are called the parametric equations of 
the locus. 

79. Additional methods of constructing an ellipse. 

I. Constriidion of an ellipse by two pins and a siring. The 

major and minor axes, AA\ 
BB\ are supposed to be given. 
Locate the foci F, F' by- 
making BF = BF' = CA. 
Fix two pins firmly at F and 
F\ and with a piece of string 
make a loop over the pins 
of such length that, when 

stretched taut with a pencil in the loop, the point of the pencil 
will be at B. Move the pencil, keeping the string taut. Then 
the pencil will describe the ellipse BA'B'A, because if P be 
any position of the pencil the sum of the two distances 

FT + FP = F'B + FB ^ A' A, 
See Art. 54. 

II. Another method of construction. Upon the straight edge 
A 5 of a piece of paper or cardboard mark off PR equal to the 
semi-major axis of the re- 
quired ellipse, and PQ equal 
to the semi-minor axis. Draw 
X'X and Y'Y at right 
angles, and place the edge of 
the marked paper so that R 
will fall on Y'Y, and Q on 
X'X. Then P wiU be a 
point on the ellipse which 
has the given semi-axes and j, -. 
center at 0. 

To prove that this construction will give points on the ellipse 
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with semi-axes RP = a, QP = 6, take X'X, F'F as axes of 
coordinates, and let angle XQff= 6, Then the coordinates 
of P are 

X = DP = RP cosB = a cos 6, 

y = CP = QP sine ^b sin ^. 

Since these coordinates have the form (5), p. 133, the locus 
of the point P(x, y) is an ellipse. 

80. Theorems on the hyperbola. 

I. The tangent to a hyperbola at any point bisects the angle 
between the focal radii drawn to that point. 

The proof, which is similar to that of Art. 77, I, is left to the 
student. 

II. The portion of any tangent to the hyperbola^ which is in^ 
clvded between the asymptotes^ is bisected at the point of tangency. 




Fig. 75 

Taking the asymptotes as axes of coordinates, the equation 
of the hyperbola will be 

xy = c, (i) 
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and that of the tangent TiTt at P{x\ y'), see (10) p. 115 

y'x + x'y = 2c. (ii) 

From (u) making 2/ = 0, the x-interqept OTi of the tangent is 

y y 
That is 

OTi = 2x' = 20M, 

Hence MP which is parallel to 07^2 bisects TiT^^ since it bisects 
OT ly which proves the theorem. 

81. Loci by elimination of parameters. 

I. Perpendicular tangents to the 'parabola meet on the directrix. 
Let y^ = 2px be any parabola, then 

, V I mp 

y = mx +'T— , y = X - -^ , (i) 

2m m 2 

will be the equations of any two perpendicular tangents. Equa- 
tions (i) may be written in the form 

my — m^x = |p, my + x = — fm^p, 

from which, subtracting the first from the second, 

(m2 + l)x = - |p(m2 + 1), 
or 

X = — ^p. (u) 

This result gives the value of the abscissa of the point of 
intersection of the two perpendicular tangents (i). Since it 
does not contain m, this same value will result for all pairs of 
perpendicular tangents. Hence x = — |p is the equation of 
the locus of the point of intersection of all pairs of perpendicular 
tangents. It is the equation of the directrix, and therefore the 
theorem is proved. 



[Art. 81] APPLICATIONS 137 

II. Variable Parameters. When in an equation a quan- 
tity, other than the coordinates x and 2/, is assumed to be vari- 
able, this quantity is called a variable parameter. Thus in 
equations (i) m is a variable parameter if we take these equa- 
tions to represent not a particular pair of perpendicular tangents, 
but all possible pairs of perpendicular tangents as m takes in 
succession all possible values. 

When the equations of two loci are given containing the same 
variable parameter, and this parameter is eliminated between 
them, the resulting equation in x and y is that of the locus of 
the intersection of the two given loci, because the new equation 
thus derived expresses a relation between x and y which holds 
true simultaneously for the coordinates (x, y) of all the points 
of intersection. Thus in I above by eliminating the variable 
parameter m between the two equations (i) there results an 
equation (u) which is satisfied by the coordinates of the points of 
intersection of all the pairs of tangents represented by equations 
(i), and is therefore the equation of the locus of their intersec- 
tion. This process is further illustrated in III and IV below. 

Note. The fact that y is eliminated simultaneously with m in I is 
purely incidental to this particular problem. 

In cases where more than one variable parameter occur the 
same general principles apply. One or more additional equa- 
tions between the parameters are then necessary, however, in 
order to effect the elimination of the parameters. 

III. The major auxiliary circle of an ellipse is the locus of the 
intersection of any tangent to the ellipse with the perpendicular 
upon it from the focus. 

The equation of the tangent to the ellipse (x^/a^) + (y^/b^) = 1 
in terms of the slope is, by (1), p. 109, 

y = mx d[z -^a^m^ + ¥, (i) 
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The perpendicular to (i) through the focus (ae, 0) is 

y = (x — ae), (u) 

m 

To obtain the locus of the intersection of these two lines the 

variable parameter m must be eliminated from (i) and (n). 

From (i) 

y — mx == :L Va^mM-"^, (Hi) 

and from (u) 

my + X = ae = Va' — ¥. (iv) 

Squaring (in) and (iv) 

y^ — 2mxy + mV = a'm* + 6*, (v) 

mV + 2wu:y + x* = a* — 6*. {vi) 

Adding (v) and (vi) 

(1 + m^)y^ + (1 + m^)x^ = 0^(1 + m*) 
or 

x« + y« = a«, 

the equation of the required locus. 

IV. Perpendicular tangents to the ellipse meet on the circle 
x« + 2/« = o« + ¥. 

The equations of a pair of perpendicular tangents to the 
ellipse (xVa*) + (yV^*) = 1 are 

y = mx :h Va^Tw* + 6^, (i) 

and 



m \m^ 



(u) 



from which m must be eliminated. From (i) 

y — ?7ix = ± Va^m* + 2^, (Hi) 

and from (ii) 

my + a: = ± Va* + m^t^. (it;) 
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Squaring and adding (in) and (iv) 

(1 + w«)2/* + (1 + w«)x2 = (1 + w«)a« + (1 + m«)fc», 
or 

x« + y« = a^ + ¥. 

V. Definition. TA^ circle x^ + y^ =: a^ + b* is called the 
director circle of the ellipse (x^/a^) + (y^/h^) = 1. 

Exercises on Chapter VII 

1. Draw FP from the focus F to any point P on a parabola, and FL 
perpendicular to FP at F. Show that FL and the tangent to the parab- 
ola at P meet on the directrix. 

2. From any point P of a parabola let fall PD, perpendicular to the 
axis of the curve at D. Let K be another point on the parabola at a 
distance from the axis = iDP. Draw DK^ and produce it to intersect 
the tangent at the vertex V, at R. Prove VR = iDP. 

3. The tangent at a point P on a parabola meets the directrix at Rj 
and the perpendicular to the axis through the focus F, at Q. Prove 
FR = FQ. 

4. Prove that in any parabola the tangent at one extremity of the 
latus rectum is parallel to the normal at the other extremity. 

5. Let the tangents at any two points P and Q on a parabola meet 
at R, and let S be the middle point of the chord PQ. Draw RS. Prove 
(t) that Tf the middle point of RS, is on the parabola, (u) that RS is 
parallel to the axis of the parabola, (m) that PQ is parallel to the 
tangent at T. 

6. Prove that the line from the focus of a parabola to the intersection 
of any two tangents bisects the angle between the lines from the fociis 
to the points of tangency. 

7. Prove (t) that the tangents at the extremity of any focal^ chord 
of a parabola meet on the directrix, (u) that these tangents are per- 
pendicular to each other, (iii) that the chord is perpendicular to the 
line joining the focus and the intersection of the tangents. 

8. Prove that the circle constructed on any focal chord of a parabola 
as diameter is tangent to the directrix. 

9. Prove that if a circle be constructed with any focal radius FP of a 
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parabola as diameter, it will be tangent to the tangent at the vertex 
of the parabola. 

10. Given a parabola with its axis and focus, describe six different 
methods of constructing geometrically a tangent to the parabola at 
any point on the curve. 

11. Given a parabola, describe a method for constructing geo- 
metrically its axis, focus and directrix. 

12. Prove that the perpendicular from the focus of an ellipse or 
hjrperbola to any tangent, meets the line passing through the center 
and the point of tangency, on the corresponding directrix. 

13. Prove that tangents to an ellipse and to its major auxiliary circle 
at corresponding points intersect on the major axis produced. 

14. Prove that any two tangents to an ellipse or hyperbola intersect 
on the diameter which bisects the chord joining the points of tangency. 

15. Prove that if a straight line intersects a h3rperbola, the segments 
on this line included between the curve and its asymptotes, are equal. 

16. Tangents are drawn to an ellipse or hyperbola from any point 
on one of the directrices. Prove that the line drawn through the 
points of tangency passes through the corresponding focus. 

17. A perpendicular is erected to any focal chord of an ellipse or 
hyperbola at the focus. Prove that this perpendicular meets the 
tangent at either extremity of the chord, on the corresponding directrix. 

18. Prove that in any ellipse or hjrperbola the product of the per- 
pendiculars from the foci upon any tangent is equal to the square of 
the semi-conjugate axis. 

19. Perpendiculars are erected to the transverse axis of any ellipse 
or hyperbola at the focus F, and any other point Af , meeting the curve 
in R and P respectively. Draw the tangent at iJ, and let it meet MP 
(produced) in K. Show that MK = FP. 

20. If the vertex of a hyperbola is twice as far from the center as 
from the focus, find the slopes of the asymptotes. 

21. Let the tangent at one vertex of a hyperbola cut the conjugate 
hyperbola at P and P'. Prove that the tangents at P and P' pass 
through the other vertex. 

22. Prove that an ellipse and hyperbola having the same foci cut 
each other at right angles. 

23. Let P be any point on a h3q)erbola, V the vertex, and C the 
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center. The tangent at P meets CF at Af , and the tangent at V meets 
CP at S. Prove that MS and VP are parallel. 

24. Prove that in an equilateral hyperbola any two perpendicular 
diameters are equal. 

25. Prove that in any hyperbola all triangles formed by a tangent 
and the asymptotes are equal in area. 

26. Prove that in any hjrperbola, (i) the distance from a focus to an 
asymptote equals the semi-conjugate axis, {ii) the distance from the 
center to the foot of the perpendicular from a focus to an asymptote 
equals the semi-transverse axis. 

27. Prove that in any ellipse or hyperbola the polar of any point of a 
diameter is parallel to the conjugate diameter. 

28. Given an ellipse, with its axes, foci and directrices, describe 
three methods for constructing a tangent to the ellipse at any given 
point. 

29. Given a hjrperbola, with its axes, foci and directrices, describe 
three methods for constructing a tangent to the hyperbola at any given 
point. 

30. Given an ellipse (the curve only) show how to determine geo- 
metrically, its center, axes, foci and directrices. 



CHAPTER VIII 
THE GENERAL EQUATION OF THE SECOND DEGREE 

82. Introductory note.— From equations (28)-(32), pp. 
99-100, it can be seen that the equation of every conic whose 
principal axis is parallel to one of the coordinate axes can be 
expressed in the form 

Ax^ + By" + €ho + Fy+ C = 0, (1) 

that is, with no term in xy; and, conversely, from the discussion of 
Art. 64 it follows that every equation of the form (1) represents 
either a conic, a pair of straight lines, or an imaginary locus. 
To avoid unnecessary repetition the locus corresponding to . 
equation (1) will always be referred to as a conic. This term 
will therefore include pairs of straight lines, which will be called 
degenerate conies,* and imaginary loci, which will be referred 
to as imaginary conies, since their equations are of the same 
type as those of real conies. 

Conies which are not degenerate or imaginary are called 
proper conies. 

83. Theorem. — The general or complete equation of the second 
degree in two variables - 

Ax^ + Sxy + By' + Ox + Fy + C=0 (2) 

always represents a conic. 

It should be observed that the coefficients A, Hj B in equa- 
tion (2) cannot all be zero, as the equation would then cease to 
be one of the second degree; and also that iS H = no proQf 
is necessary, as the equation is then in the form (1). It is 
assumed therefore that H ^ 0. 

* Sometimes also called composite conies. 
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Apply to (2) the formulas (26), p. 96, for turning the axes 
through the angle 9, without changing the origin, 

X = x' cos B — y' sin B, y — x' sin B + y' cos B, 

Substituting in (2) we have, after reduction 

x'^{A cos2 ^ + ^ sin ^ cos ^ + 5 sin^ B) 

+ x'y'[H{GQS^ B - sin2 B) + 2{B - A) sin B cos B] 

+ y'\A sin2 B - H sin B cos B + B cos^ B) 

+ x'{G cosB + F sin B) + y\F cosB -G sin B)+C = 0, ^ 

.The term in x'y^ will disappear from this equation if B has a 
value which will make the coefficient of x'y' equal to zero. 
Equating this coefficient to zero, and solving for ^, we have 

H{cos^ B - sin2 q) + 2(5 - A) sin ^ cos ^ = 0, 
or 

H cos 2B + {B - A) sin 2JB = 0, 
from which 

tan 2B = j^ . (4) 

This always gives a real value of 20, and hence, by turning the 
axes through the angle B thus determined, equation (2) can 
always be reduced to the form (1), which proves the theorem. 

Exercises. Determine in each of the following cases the value of 
the angle through which the axes must be turned to reduce the equa- 
tion to a form without the term in xy, 

1. 2a:» - 4x2/ + 5y« + 6x - 3y - 1 =0. 

2. 3a:« -f 2x2/ - 2^ -f 5x + 32/ + 5 = 0. 

3. x« + 3x2/ + 2/» - 6x + 21/ + 7 = 0. 

4. 4x» - 4x2/ + 2/* H- 2x - 62/ - 10 = 0. 

5. 6x« - 5x2/ - 2/» + 4x + IO2/ - 7 = 0. 

6. x« + 6x2/ + 92/* - 2x - 62/ - 10 = 0. 

Note. No attempt is made at this point to go further and deteiv 
mine the complete form of the new equation, as it would be tedious and 
difficult to work out the values of the new coefficients by means of 



^ = i tan~^ 


^f 


e - \ tan""' 


^i. 


B — \ tan"' 


L 00 = 45^ 


^ = i tan~' 


^(-1). 


e — i tan"' 


' (- ?). 


^ = i tan"^ 


' (- J). 
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equation (3). A better method for reaching this result will be given 
below. See Art. 86, II. 

84. CeDtral and non-central conies. 

I. A conic is said to have a center when there is a single 
point in its plane which bisects all chords of the conic which 
pass through this point. Such a point is a center of symmetry 
of the curve, and is called its center. 

II. A conic which has a center is called a central conic. Such 
are the ellipse and hyperbola. 

III. A conic which has no center is called a non-central conic. 
Such is the parabola. 

IV. Theorem. An equation of the second degree which con- 
tains no terms of the first degree in x and y, is the equation of a 
conic with center at the origin. 

If equation (2) contains no terms of the first degree in x and y. 

it becomes 

Ax^ + Hxy + ^2/2 + (7 = 0. (i) 

If this equation is satisfied by the coordinates (xi, i/i), it is also 

satisfied by (— xi, — yi). That' 
is if P{x\y y\) is on the conic, 
?(sDxiV\> so also is Q(— Xi, — x/i), and 
every chord PQ of the conic is 
bisected at 0. Hence is the 
center of the conic. 

V. Theorem. The equation 
Ax^ + Hxy + By^ + Gx + Fy 
+ C = represents a central conic 
if AAB — H^ 4= Or ct^<^ ci non- 
central conic if 4iAB — H^ = 0. 
Transform equation (2) to new axes OX', 07' parallel to the 
original axes, letting (xo, ye) represent the new origin referred 
to the original axes. The formulas of transformation are 

X = x' + xoy y = y' + t/o, 




Fig. 76 
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and substituting in (2) the result, after reduction, is 

Ax'' + Hx'y' + By'^ . 1 

+ (2Aa;o + Hy^ + G)x' + {Hx^ + 2By^ + F)y' V (5) 
+ (Axo^ + Hxoyo + ByJ' + Gxo + Fyo + C) == O.J 

This equation is to be reduced, if possible, to one without the 
terms in x' and y'. This requires that 

2Axo + Hyo + G = 0, Hxo + 2Byo + F = 0. (6) 

Solving for Xo, t/o, 

_ HF - 2BG _ GH - 2AF . . 

^ " 4AB - JET ' ^° " iAB - H^ ' ^^ 

These values of xq and yo are determinate if 4A5 — //^^ 4= 0, 
but U 4:AB — H^ = they are either indeterminate or infinite, 
according as the values of the numerators in (7) are zero or not. 
Hence if 4AjB — i/^ 4= equations (7) determine a point, to 
which if the origin be transferred, equation (2) will reduce to a 
form having no terms of the first degree in x' and y'. It will 
therefore be the equation of a central conic with the new origin 
for center (see IV, above). But if 4iAB — H^ = no such 
determinate point exists, and hence the conic is non-central. 

It should be carefully noted, as appears from (5), that when 
this transformation is made the coefficients of x'*, x'y', and y'* 
in the new equation are the same as those of the corresponding 
terms in the old equation, and that the new absolute term is 
obtained by substituting the coordinates of the new origin for 
X and y in the left-hfend member of the original equation. 

4 

85. Transformed equation of a central conic. — By Art. 84, 
V, the equation of a central conic referred to coordinate axes 
passing through the center is in the form 

Ax'' + Hxy' + By'' + C = 0, (8) 

11 
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where 

C = Ax^ + JIa5o|/o + By^ + Gteo + Fy^ + C, (9) 

Xo and t/o having the values given by (7). 

I. To express the value of C" excltbsively in terms of the coef- 
ficients Ay Hy By Gy Fy C of eqiuitioTi (2). From equation (9) 

2C' = 2Axo* + 2Hxoyo + 2Byo^ + 2Gxq + 2Fyo + 2C, 
= Xo{2Axo + Hyo + G) + yo(Hxo + 2Byo + F) 

+ Gxo + Fyo + 2C. 

But by (6), the expressions in parentheses vanish, 

.-. 2(f = Ga^ + Fyo + 2C. (10) 

Substituting in (10) the values of iCo, yo from (7) the result is 

HF-2BG 0H-2AF 

or 

^ _ JABC + FGH - AF^ - BG^ - CH* . . 

^ " 4.AB - H^ • ^^^^ 

II. The numerator of the fraction in (11) is called the dis- 
criminant of Ax^ + Hxy + By^ + Gx + Fy r\- C. 

Hence representing the discriminant by 2>, we have 

B = iABC + FGH - AF^ - BG^ - CH^. (12) 

Exercise. Show that of the six equations on p. 143, nos. 1, 2, 3, 5 
represent cei^tral conies. Fmd the coordinates of the center of each 
of these four, and show that the equations reduce to the forms given 
below, when transformed to new axes through the center, parallel to 
the original axes. 

1. Center at (- 2, - i); 2x'' - 4a:V + 5/ - ^ = 0. 

2. " " (- 1, J); 3a:'' + 2xV - / + i^ = 0. 

3. " " ( - Jjf , V) ; ^'' + 3x'2/' + / + ^F = 0. 
6. " " (f, ¥); 6x'' - 5xy - y'» + 9 = 0. 
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86. Equations of central conies. Final reduction.— 

When the general equation (2) represents a central conic it has 
been shown in Art. 84 how to reduce it to the form (8), 

Ax'^+HxY + By'^ + C = (i) 

by transforming to new axes passing through the center. 

We can next remove from (i) the term in xy by turning the 
axes through the angle determined by equation (4), p. 143, as 
shown in Art. 83. The equation is thus reduced to the form 

A'«>"\+ B!y"^ + C = (13) 

where, as appears from (3), p. 143 



A' ^ A cos^ e + Hdne QosB + B sin* B, 1 
5' = A sin* ^ - H sin ^ cos ^ + 5 cos* B, J 



(14) 



and C remains unchanged. 

I. Selection of the value of B, — Since equation (4), p. 143, 
determines two values of 2B less than 360°, which differ by 180°, 
there wiU always be one available value of 2B between — 90° 
and + 90°. It will be found convenient always to use this 
value of 2B, Hence when tan 2B is positive, B will be a positive 
angle between 0° and 45°; and when tan 2B is negative, B will 
be a negative angle between 0° and 45°. 

II. Determination of the vdLuea of A' and B\ — In (14) make 
the trigonometric substitutions 

cos* B =i(l + cos 2B), sin* ^ = J(l - cos 2B), 

sin B cos ^ = i sin 26. 

Rearranging the terms, the results are 



A' = i(A +B) + ^{A - B) cos 2B +^H sin 2^,1 
B' = l(A + 5) - |(A - B) cos 20 -Ih sin 20.] 



(u) 
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But tan 26 = HI(A — B), and hence from trigonometry 

sin 2^ = ^ 



(m) 

co8 2<? = , ^ -^ 

db VH2 + (A - B)2 

Substituting these values in (n) the results, after reduction, are 
either 

A' = iU + B + -i lP^-U - W, 
B" =ilA + B- VjT* + (A 



or 



^' = iU + ^ - Vjt -{- (a- 

B" = i[A + B + <Il^ + {A 



-B)\ 1 

- B)\ 1 

- B)\ 1 



(15a) 



(156) 



according as the sign of VJ^^ + (A — jB)* is taken as positive 
or negative. 

To eliminate the ambiguity in the choice of values for A' 
and B\ due to the double sign of ^H^ + (A - 5)^, it will be 
seen from I that, since 26 is always to be taken in the first or 
fourth quadrants, cos 26 is always positive. Hence the sign 
of the radical is to be taken to agree with that of (A — B). 
The following rule should therefore be used. 

Rule. If A — B is positive tise (15a) for determining A' and 
B', hviif A ^ B is negative use (156). 

87. Discussion of equation (13), p. 147, 

A'x''^ + B!^'^ + C = 0. 

It has been shown in Art. 86, II, how the values of A' and B' 
can be determined. Two other relations involving A' and B' 
are important The first is obtained by adding the two equa- 
tions (14), which gives 

A' + B" = A + B. (16) 
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Also, multipl3dng the equations (15a) or (156) the result is 

4^'^ = 4AB - B^. (17) 

Since by hypothesis 4AJ5 — ^T^ 4= 0, equation (17) shows that 
neither A' nor B' can be zero. Hence in discussing equation 
(13) there are only two cases to consider, according as C is zero 
or not. The latter will be taken first. 
I. C 4= 0. Equation (13) can then be put in the form 

or 

^ _+.i?'_«l. (18) 



If - (C'MO and - (C'/B') are both positive, (18) repre- 
sents an ellipse. This will be the case when A' and B! have like 
signs, and C the opposite sign. 

If — {C lA'), and — {C IB') have opposite signs, (18) repre- 
sents a hyperbola. This will be the case when A' and B' have 
unlike signs. 

If A', B\ C all have the same sign, equation (18) represents 
an imaginary locus, called an imaginary ellipse, since the equa- 
tion is in the ellipse form. 

From equation (11), p. 146, C = D/(4AB - H^), where D 
is the discriminant (12). Hence when C =i= 0, it follows that 
Z) + 0. 

This discussion shows that equation (13)^ when C =1= 0, 
represents an ellipse, real or imaginary, or a hyperbola, according 
as the product A'jB' is positive or negative. Hence from (17), 
it follows that the general equation (2) represents 

an ellipse, when ^AB - Jff^ > 0, and 1> 4= 0, 1 

a hyperbola, when AAB - .ff' < 0, and 1> + 0. J ^^^^ 
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II. C » 0. When C » equation (13) takes the form 

^ V» + ^y"* « 0. (20) 

If A' and W have unHke signs the left-hand member of this 
equation can be factored in real factors of the first degree in 
7!^' and jf'. Hence it represents a pair of real intersecting lines 
meeting at the origin. Also from (17) ^AB — iP < 0. 

If A' and B' have like signs the only real values of if' and ^' 
which wiD satisfy the equation are x'' = 0, y'' = 0. Hence the 
equation may be regarded as that of a potni eQipse, the limit to 
which the locus of equation (13) approaches when A' and B" have 
like signs and C approaches the limit zero. Or, sinoe in this case 
the left-hand member of equation (20) can be factored in imag- 
inary factors of the first degree, the equation may be said to 
represent a pair of imaginary lines intersecting at a real point, 
the origin. In this case from (17) 4AB - H* > 0. 

When C ^ Of D » also, as appears from (11). Hence 
equation (2) represents 

real intersecting lines, when 

4AB - J« < 0, and D « 0, 
imaginary intersecting lines, or a point ellipse, when 

4AB - m > 0, and I> = 0. 

Examples. 1. Discuss fully the equation 

3x*-f2av-l/* + 6x + 3yH-5=0. 

The results already found for this equation in Ex. 2, p. 143 and p. 146, 
will be used in this discussion. 

First sUp, 4AB - £r» = - 16, and by (12) p. 146, D = - 52. 
Hence by (19) the locus is a hyperbola. 

Second step. Determine the center by (7), p. 145, and transform 
the equation to new axes through this point, parallel to the axes XOY. 
This is done by using (8) and (10), pp. 145, 146. On p. 146 the center 



^ (21) 
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has been found to be (— 1, i), 
and the transformed equation is 

3a;'' + 2x'y' - 2/'* + ^ = 0. 
The coordinate axes are now 

Third step. By (4) ^ = i 
tan"^ i. Turning the axes 
through this angle they take the 
position X'V Y" , The equation 
now takes the form (13) where, 
since A —5 is positive, the values 
of A' and B' are determined from 
(15o). Thus 

A' = i[2 + V4T16] = 1 4- V5, 

B' - J[2 - V4T16] = 1 - Vs. 
Hence the transformed equation is 




Fig. 77 



or 

This reduces to 



(1 + <b)x"' + (1 - >/5)y"' + y = 0, 
(V5 + l)x"* - (iJB - l)y"* = - -»^. 



.//' 



y 



//« 



13 



13 



= -1. 



4(1 + V5) 4(V5 - 1) 



It is now in the form corresponding to (21), p. 92, and therefore repre- 
sents a hyperbola with transverse axis in the F-axis. 



The semi-transverse axis 



and the semi-conjugate axis = \/- 



13 



4(V5-1) 
T3 



= ^§(V5 4-1) = 1.62, 
= -y/jl (V6 - 1) = 1.00. 



4(V5 + 1) 
The curve can now be drawn as shown in the figure. 

2. Discuss the equation 3a:* — %xy + 4y' — 2x — 4y — 8 = 0. 

FivBi step. 4AB - ^« = - 16, D = 0. Hence by (21) the locus is 
a pair of intersecting real lines. 
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Second step. The coordinates of the center (the intersection of the 
lines) are found by (7) to be a:« = — 3, ya = — i; and hence the 
equation, referred to the new axes XV* Y', with the point (—3, — i) 
as the new origin, is by (8) and (11) 

Third step. The Irft-hand 
side of this equation is a homo- 
geneous expression of the second 
degree in x' and y'. Such an ex- 
pression can always be separated 
into linear factors. See III, p. 
viii. The factors in this case 
are 3x' - 2y\ and x' - 2y\ 
Hence the two real lines which 
the given equation represents are 

3x' - 2y' = 0, 
and 

x' - 2y' = 0, 

the lines AB, CDj respectively in the figure. 

Note. Since every equation in the form (8), p. 145, in which C = 0, 
can be treated as in the " Third step " above, it is unnecessary with 
such an equation to revolve the axes to remove the term in xy. 

3. Discuss fully the equation of exercise 1, p. 143, making use of 
the results given on pp. 143 and 146, and draw the curve. 

4. In the same manner discuss the equation of exercise 3, p. 143. 

5. Discuss also the equation of exercise 5, p. 143. 

88. Equations of non-central conies. — The general equa- 
tion 

Ax^ + Hxy + By^ + Gx + Fy + C =-0 (i) 

represents a non-central conic when 4AB — i/^ = 0, as has been 
shown Art. 84, V. li H = then either Aor B must also equal 
zero, and no further investigation is necessary, as the equation 
can be treated as in Art. 64, Ex. 2. In the general case, when H 
is not zero, A and B must have the same sign, and hence may 
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always be taken as positive. The condition 4:AB — H^ = 
also shows that the first three terms in (i) form a perfect square. 
To simplify the subsequent discussion equation (i) is multi- 
plied by 4B, and 4AB the coefficient of x^ is replaced by its 
equal H^. The equation may then be written 



{Hx + 2Byy + 4B{Gx + Fy) + 4BC = 0. 
Equation (u) is now transformed to new axes, taking 



(n) 



Hx 4- 2By = 0, 



and 



2Bx - Hy = 0, 



{Hi) 



for the new X- and F-axes respectively. These are seen to be 
perpendicular to each other by (17), p. 52. The slope of the 
first is — {H/2B)j hence this change of axes is equivalent to 
turning the original axes through the angle 



e = tan-i 



(-i)- 



Since B is positive; d will be a negative angle, between 0** and 
— 90° in value, if il is positive, and a positive angle, between 
0** and 90° in value, if H is negative. 




(a) 

H positive. 




(6) 

H negative. 



Fig. 79 
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^^^^AXAsh U^nSi. OY' Xf* p. arL-d xut wew ^jrr:r.tvt %' 2= ire per- 
yiss^ri^lja 'ik^iatSiitt fr^jm OX' to F- Tie^f jpe bj 31' . p. 56 



'*' " » ;f • • >** * 

wijMStie tJ-M^ «ipi of the radical i« v^ be taken po^tiTC- 



Xonc, For er«y pr^ot 00 OX', Fl^ 79 c . ihe orifrrA] afasdasa 
^ m ptmure, and tlM; orkp&al ordisa^e y is oE^-dre. TherEioce scce 
I^Ah ^ arid // are poasttive tbi& n^Efir abscise 01 every point en OX' b 
p^miiv^., M appeam frr/rn the value of j:^ even in l:,. Hence OX' is 
i\0', pr^ifve pfjrxu/a of the neir X-axis. SinJl&riy h can be shown that 
OK' M the pOMtive portir/n of the new F-axis in the same Sgme. and that 
m Flip 79 ^h)f where H m negative, pc»nta in the quadrant X'OY' have 
br/th eoordiaates pofdtive. 

Solving equationi^ (i>) for z and y, we have 
Hub^tituiing from (&) in (it) and reducing 

AH 

US' + mv^ + -7" .^^-^ l(2BG - ^iOx' 

+ (GH + 25^)2^] + 4BC = 0. 

Hectoring to IP ii» value iAB^ and dividing the equation by 45, 
the reHult i» 

2<B'-JtAB 2^fB^^hAB 

Thin equation is now in the form 

bV + O'a/ + F'yf + C = 0, (22) 
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where 

B' - ^ + B, 

I'^B^ + AB I'HS^ + AB 

By the process used in Art. 64, Ex. 2, equation (22) is easily 
reduced to the form 

provided G' is not zero. This equation represents a parabola, 
with principal axis parallel to the A'-axis, and vertex at the 

point ((i?^-4^'0/4^'G^', - (^72^'))- See equation (29), 
p. 99. The length of the latus rectum is 2p. -\G'/B'\. 

89. Degenerate non-central conies. 
1. liO' ^ 0, equation (22) takes the form 

-B'y'* + F'l/ + C - 0. (25) 

Multiplying by 4B^ and adding and subtracting F^ equation, 
<25) takes the form 

(2BV + Fy - (F* - 4B'C) - 0, 
or factoring, 

(2B'y' + F' + Vr' - 4B'0(2BV + F' - VjP'* - 45'C) = 0. 
Equation (25) therefore represents the two straight lines. 



2B'y' + 1^ - Vjp'* - 4^C - 



1 



(26) 



parallel to the Xraxis. These lines will be real and distinct, 
coincident, or imaginary according as F^ — 4B'C > , «, or 
<0. 

II. When 4AB - H* - 0, the condUton G' = in (22) is 
equivalent, in the general equation {2),to D » 0. See (12), p. 146. 

In the last term of the expression for D, substitute for IP its 
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▼alue AAB, then 

D = FGH -AF^" BG^. (0 

Also, from (23), if G' » 0, 

2BG''HF = 0, or F = ^. (u) 

ii 

Substituting this value of F in (0 the result is 

D = 2BG^ - 4^^^ - BG», 

II 

or, since by hypothesis H* = 4iiB, 

D = 2BG^ - B(3» - BG* = 0. (uO 

III, Candugion. The general equation (2) represents 

a parabi^, when 4uiJ? - IT = and D 4= 0, 
parallel or coincident lines, when 4AB — IT = ^ (27) 

and 1> =0.^ 

In the latter case the lines are real and distinct, coincident, or 
imaginary according as 

F^ - ABfO, =, < 0. (28) 

Examples. 1. Determine the nature and position of the locus of 
the equation 4ir^-4zy + j/«+2x — 6y-10 = 0. 

First step. 4AB - ff * = 0, Z> = - 100. Hence by (27) the locus 
is a parabola. 

Second step. By (m), p. 153, the lines 

- 4r 4- 2y = 0, 2x + 4y = 

are taken as new axes of coordinates, and hence by (r), p. 154, the 
formulas of transformation are 



Substituting in the given equation and reducing, the result is 



vi 2 



which is tVio. equation of the parabola referred to the axes X'OY'. 
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Third step. The last equation is easily transfonned as in Art. 64, 
Ex. 2 into 

showing that the vertex is at the point 

(-^5' :|) = (-2-*6,0.46).(«) 
The focus is at a distance 

4\V5/ 2V5 

on the positive side of the vertex, that is 
at the point 




Fig. 80 



(-?i+^'^) = (-=^-^'«-*^>- 



{iii) 



To determine the position of vertex and focus referred to the original 
axes substitute from {it) and (ut) in (i). Thus it is found that the 

vertex is at (— }, — 2) and the 
focus at (— J, — I). The slope 
of the axis is 2. 

2. Investigate the equation 
^ + 6xy H- 9j/» - 2x - 6y - 
10 = 0. 

First step. ^B - ^> = 0, 
and D = 0. Hence by (27) the 
locus is a pair of parallel or 
coincident lines. 

By (23) f" = - (20/ VlO) = - 
2VI0, B'= 10, and F''- 4B'C 
=440. By (28) the lines are therefore real and distinct. 

Second step. By (iii), p. 153, the new X- and F-axes are respec- 
tively X + 3y = Of and Sx — y = 0. The transformed equation can be 
written at once from (25), p. 155. 




Fig. 81 



lOy'* - 2Vl0y' - 10 = 0. 
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Solving this equation for y*, 

, ^ 1 =fc Vll or y^ = 1 3e and - 0.73. 

Vio 

The two lines are shown in Fig. 81 in the positions AB and CD, 

QO. Summary. — The results obtained in this Chapter are 
summarized in the following table: 





JD4-0 


1> = 


4^^-j«*>0 


Real eUipse if C differs 
in sign from A' and B\ 

^ Arts. 85, 86, 87, I. 

Imaginary ellipse if A', 
B'y C have the same 
sign. Arts. 85, 86, 
and 87, I. 


A pair of imaginary lines 
meeting at the real point 
given by (7), p. 145. See 
Art. 87, II. 


4^B-li«<0 


Hyperbola. Arts. 85, 
86, and 87, 1. 


A pair of real lines meeting 
at the point given by (7), 
p. 145. See Art. 87, II. 


4^JB-ii« = 


Parabola. Art. 88. 


Real parallel lines, when 

F'^ - 4J?'C > 0. 
Coincident lines, when 

F'* - AB'C = 0. 
Imaginary lines, when 

f '* - 4B'C < 0. 
See (23), p. 155, and Art. 89. 



The procedure in treating an individual equation has been 
illustrated in the exercises worked. The steps may be sum- 
marized as follows: 

A. Compute AAB - F^ and D (12), p. 146. The results 
will determine the species of the conic, and whether it is proper 
or degenerate. See (19), p. 149, (21), p. 150, and (27), p. 156. 

B. (i) If AAB — Jf* 4= 0, find the coordinates of the center 
by (7), p. 145, and transform the equation to new axes through 
this point parallel to the original axes. See Art. 85. 
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(ii) If D 4= 0, turn the axes through the angle 

H 



^ = I tan-i 



A -B' 



and the equation will then be in the form (13), p. 147. See 
Art. 86. 

(iii) If D = the first transformation will reduce the equa- 
tion to a factorable form, and further transformation is un- 
necessary. 

C. (i) If 4AB — /T* = 0, choose new axes as stated in Art. 
88, and transform the equation to these axes. 

(ii) If Z) 4= the new equation will be in the ioxm (22), 
p. 154^ and the parabola can be constructed from this equation; 
or by a second transformation the origin can be moved to the 
vertex, the axes remaining parallel to the second set. 

(ill) If D = 0, the equation after the first transformation 
will contain only one variable. It can therefore be readily 
factored, so that further transformation is unnecessary. 

Exercises on Chapter VIII 
Normal Exercises 

In exercises 1-12 determine the species of the conic whose equation 
is given, and its location with reference to the axes. In the case of 
each central conic determine the position of the center, the slope of the 
principal axis, and, if the conic is real and not degenerate, the lengths of 
the semi-axes. If the conic is non-central and not degenerate determine 
the position of the vertex, the slope of the axis, and the value of p. 
Draw each locus. 

1. 5x» - 5xt/ + 32/» - 5x + 6y - 3 = 0. 

Ans. A real ellipse, center at (0, — 1), slope of major axis 1.48, 
semi-axes 2.14, 0.95. 

2. 5x« + 2xy - y* H- 6a; - 4y - 12 = 0. 

Ans. A hyperbola, center at (—J, — V)> si^P® o^ transverse 
axis 0.16, semi-axes 1.26, 2.65. 
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3. 9x» + I2xy + 4y* + lOx - 542/ - 68 = 0. 

Ans. A parabola, vertex (f J, — fi), p = A*^* 

4. x» + 6xy H- 92/» + 2a; H- 6y - 25 = 0. 

Ans. Parallel lines with slope — J. 

5. 2a:» + 6xy + 5|/« - lOx - 6y H- 53 = 0. 

Ans. Imaginary lines, meeting at (16, — 9). 

6. 9x» - 6a:y + 2/* + 12x - 42/ + 4 = 0. 

7. 3x* - 6x2/ + 52/* + 5z - 102/ + 12 = 0. 

8. x* - 4x2/ + 32/» -f 3x - 72/ + 2 = 0. 

9. 3x* + 6x2^ -h 42/« + 4x - 82/ - 12 = 0. 

10. 3x* - 2x2/ - 52/* + 3x + 72/ - 8 = 0. 

11. 4x* - 4x2/ + 2/* - 4x -f 22/ + 4 =« 0. 

12. 3x* - 12x2/ + 2x - 32/ - 20 = 0. 

General Exercises 

13. Prove that Vx + Vy = Va is a parabola which touches the 
coordinate axes at the extremities of the latus rectum. 

14. Prove that V5x + Voy = Va6 is a parabola which touches the 
X-axis at X = a, and the F-axis aX y = h. 

15. For what value of c will x* + 2xy — y* + 6x — 2y + c = 
represent a pair of real lines? Ans. c = 1. 

16. For what value of c will 2xy — 4xH-72/ + c = represent a 
pair of real lines? Ans. c = — 14. 

17. For what value of c will x* + 4xy + 4y^ + 4x + Sy -\- c = 
represent a pair of coincident lines? Ans. c = 4. 

18. For what value of c will o*x* + 2ahxy + 6V -|- c = represent 
a pair of coincident lines? 

19. Prove that hxy -\- gx +fy + c ^ ib in general an equilateral 
hyperbola with /ix -|- / = 0, and hy -\- g == for asjrmptotes, but that 
if fg == ch it represents a pair of real lines. 

20. If m the general equation (2), p. 142, 4AB - i/* = 0, and if 
the term in xy be removed by turning the axes through the angle $ 
[Eq. (4), p. 143], show that the resulting equation will always be one 
in which the coefficient of either x* or y* is zero. ^ 



CHAPTER IX 
HIGHER PLANE CURVES, PARAMETRIC EQUATIONS 

91. Introductory remarks. 

Definition. The locus corresponding to any equation not in 
the form Ax + By + C = 0, or Ax^ + Hxy + By^ + Gx + Fy 
+ C = 0, and not redudhle to one of these two forms, is called a 
higher plane curve. 

For example, t/* = ex*, x\ + y^ + Saxy = 0, y = a sin 6a:, 
y = log Xf y = tan~^ x, y = e^ are all equations of higher plane 
curves. To determine whether an equation containing radicals 
or fractional exponents, is the equation of a higher plane curve, 
it must first be reduced to a form without radicals or fractional 
exponents. A few curves of this kind will be discussed. 

92. Loci of equations of the form xi^y = c. — The curves 
corresponding to equations of the form 

mfy = c, (1) 

where c is a constant, and n has any numerical value, constitute 
an important family. Equations of this form arise in the study 
of the expansion of gases and vapors, and the corresponding 
curves are used to represent graphically the changes of pressure 
and volume which take place under different conditions, as for 
example, in the cylinder of a gas or steam engine. 

I. For certain values of n equation (1) represents a straight 
line or a conic. Thus, for 

n = it is the equation of the straight line y =^ c, 

m 

n = 1 it is the equation of the hyperbola xy = c, 
n = — i it is the equation of the parabola y* = c*x, 
n = — 1 it is the equation of the straight line y = ex. 
n = — 2 it is the equation of the parabola y = ex*. 
For other values of n the locus is a higher plane curve. 
12 161 
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Fio. 82 

In Fif^. 82 are drawn several curves of this family exhibiting 
tho «hftpe and ponition of the curves for different values of n. 
T\\ii value c " 1 is tised in all the curves. Hence they all pass 
throuj^h the point (1, 1). 

IV. In connection with the curves discussed in this article a 
device frequently employed is to use what may be called log- 
arithmic plotting. If the logarithms of both sides of equation 
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(1) be taken the result is 

n log X + log y = log c. (i) 

This equation is of the first degree in log x and log y. Hence 
if log X and log y be plotted as coordinates instead of x and y 
the resulting figure is a straight line, with slope — n and y-in- 
tercept log c. Therefore to each curve of the family x^y = c 
there corresponds a straight line of the family (i) with the same 
value of n. 

In applying equation (1) to the study of problems involving 
pressures and volumes of gases and vapors this method is con- 
veniently employed. All of the properties derivable from the 
curves themselves can be obtained equally well from the corre- 
sponding straight lines in the logarithmic diagram. 

Paper ruled logarithmically is made for this purpose. The 
lines on the paper are spaced proportionately to the logarithms 
of the natural numbers instead of the numbers themselves. By 
its use the transformation from the actual values of x and y to 
the logarithmic values is made mechanically without any refer- 
ence to tables of logarithms. 

It should be noted that this transformation of these curves 
into straight lines applies only to those portions which lie in the 
first quadrant, where x and y are both positive. 

Note. The equations x'^y == c, and y = ex" are essentially the same; 
as by changing the sign of the exponent the one form passes into the 
other. Irrational values of the exponent n are sometimes met with. 
In such cases an approximate rational value of the exponent is used. 
For example if n — '>l2, the approximate value n = 1.41 may be used. 

93. The sine and cosine curves. 

I. The sine curve or sinusoid. The equation of this curve is 

y = sin X. (2) 

In plotting this curve the values of x are expressed in radians, 
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BO that graphically x will be the length of the arc, radius « 1, 
which subtends the angle whose sine is y. In this way both 
z and y are expressed in terms of the same unit of length, as 
shown in trigonometry. The same remark applies to all equa- 
tions in which either of the variables stands for an angle. The 
following table gives a few pairs of simultaneous values of 
X and y. 



X = 
y = 



Jt = 0.52 
i = 0.50 



^T = 1.57 
1 



8 



fx = 4.71 
- 1 



etc. 
etc. 



It = 0.79 
J -^ = 0.71 

For an accurate construction of the curve a table of natural 
sines should be used. In the figure the solid curve is the sine 

Y 




Fig. 83 

curve. It extends indefinitely to right and left along the X-axis, 
and cuts this axis at an infinite number of points, whose abscissas 
are x — niTy where n is any whole number, positive or negative. 
The value of y is never greater than -h 1, nor less than — 1. 
II. The Cosine Curve. The equation of this curve is 

y = COS oc. (3) 

This curve is constructed in the same manner as the sine 
curve. It is the same curve shifted to the right or left along 
the X-axis a distance Jtt. It is drawn dotted in Fig. 83. 

W. Modified forms of the sine curve. — The curve whose 
equation is (2) is the fundamental form of the sine curve. Some 
modifications of it are important from their application in the 
theory of wave motion. 
T y = aSlXLoc. (4) 
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The curves which correspond to equations of this form for 
different numerical values of the constant a, differ from the 
locus of equation (2) only in the fact that the highest and lowest 
points on the curve are at distances + a and — a respectively 
from the X-axis, and the ordinate of any other point on any 
of the curves is to the corresponding ordinate on the curve of 
(2) as a : 1. They all cut the X-axis where sin x = 0, that is 
where x = riT, n being any whole number, positive or negative. 

II. y = a sin boc. (6) 

In this equation a and b have any constant numerical value. 
The effect of the constant a has been pointed out in the discussion 
of equation (4) in I. The value of the constant h affects the 
location of the points where the curve cuts the X-axis, for 
these points occur where sin bx = 0, which gives bx = ut, or 
X = (n/6)x, where n is any whole number, positive or negative. 
Hence for 6 > 1 these points are nearer each other than in the 
curve of (2) or (4), and for 6 < 1, they are farther apart. 

Taking a = f, 6 = 2, the equation is y = f sin 2aj, and the 
corresponding curve is Fig. 84a. If a = f , 6 = ^, the equation 
is y = f sin f x, and the corresponding curve is Fig. 846. 




(a) y=| sin 2x 



(b) y=i8int» 



Fig. 84 



III. 



y = a sin (boc + c). 



(6) 



The curve corresponding to this equation, in which c, as 
well as a and 6, has any numerical value, differs from that of 
equation (5) only in the location of th6 points in which it cuts 
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the X-axis. Let a = |, 6 = 2, c = 0.52, then the equation is 

y = i sin {2x + 0.52). (i) 

To determine where the curve cuts the X-axis let y = 0, then 

2x + 0.52 = TIT, or x = i(n7r - 0.52). (u) 

Hence every integral value of n in (u*) determihes the abscissa 
of a point where the curve cuts the X-axis. Thus: 

n = - 1 gives x = - ^tt - 0.26 = - 1.8^, 
n = gives x = — 0.26, 
n = 1 gives x = ^t — 0.26 = 1.31, 
n = 2 gives x = t - 0.26 = 2.88, 
etc. etc. etc. 

The curve is therefore the same as that in Fig. 84a moved a 
distance 0.26 to the left, as shown in Fig. 85, where 

OA = - 0.26. 

In order to determine the value of y corresponding to any 
given value of x, proceed as follows. Let x = 0.40, then 
2x + 0.52 = 1.32, then 

2/ = f sin (1.32 radians) 

= f sin 75^ 38' = f (0.969) = 1.45. 

Hence (0.40, 1.45) is a point on the curve. 

From this it may be con- 
cluded in general that the 
curve of y = a sin (hx + c) 
cuts the X-axis at points de- 
termined by 6x + c = riT, or 
X = {uT — c) /6, where n is any 
Pjq gg integer, and hence that the 

curve differs from that o(y = 

a sin hx only in being shifted a distance — (c/6) along the X-axis. 
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95. Logarithmic curves. 

I. The curve 

y = loga X. (7) 

The general shape of this curve is the same for all values of 
the base a, provided a is positive and greater than unity, the 
only cases which are usually met with. For all such values of a 
we have log a = 1, log 1=0, and log = — oo . Hence the 
corresponding curves all cut the X-axis at x = 1, they all 
approach the negative end of the F-axis without cutting it, 
and as x increases from x = 1, i/ also increases, but more slowly 





Fig. 86 



Fig. 87 



than X. In Fig. 86 the curve drawn full is the locus of 

y = log« X and the dotted curve is the locus oi y = logio x. 

II. The curve 

y = C-. (8) 

This curve, Fig. 87, is the logarithmic curve in a different 
position, as 2/ = e*, and x = loge y are the same equation in 
different forms. When a; = 0, y = 1. As x increases, y in- 
creases also, and as x approaches — «, y approaches zero. 

96. y = e'^^nbx. (9) 

This equation and the corresponding curve are practically 
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important on account of their connection with the theory of 
alternating currents. The letters a and b stand for numerical 
Constanta, and e is the Napierian base, 2.718-  -. (V (c), p. ix.) 

For all finite values of o and b, y = when x = 0, hence all 
curves of thii family pass through the origin. 

Since e" cannot vanish for any finite value of x, the points 
where the curve cuts the X-axis are determined by making 
sin iu =0, from which, as in Art. 94, 6a; = ut, or i = («/&)«■, 
where n has in turn all integral values. These points are 
therefore the same as for the curves of equation (5). Also, 
since sin hx cannot be numerically greater than unity, the 
curve lies between the two curves y = ± e", touching y = e" 
when sin tra = 1, and y = — e," when sin bx = — \. 

Let a = f , 6 = 6, then the equation is 

y = ei-' sin &r. (t) 

This curve will cut the X-axis at the points determined by 
X = |inr, where n is any integer, that is at x = 0, ^«-, fir, fir, 
etc. 

Let I = 0.2 in (t), then 

y = e'-' sin (1.2 radians) 

Using logarithms the result is 
log y = 0.09971, or j/ =■ 1.26. 
The ordinatos of other points 
are similariy computed. 

A portion of the curve on 
the positive side of the origin 
is drawn in Fig, 88. The 
horizontal unit used in the 
drawing is ten times the ver- 
Fia. 88 tical unit. 
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The point<s 4, B^ C, D, etc., midway between the points where 
the cunre cuts OX, are the feet of the ordinates to the points 
where the curve touches the two curves y = ± t^. 

Exercises. 1. C<Histnict on a diagram similar to Fig. 82 the loci 
of the family z*y — c for which c = 1, and n = J, 3, — J, — 3 re- 
spectively. 

2. Construct cm one diagram the curves ci the family x"y = c, for 
idiich c — 2, and n = — 2, — 1, — §, 0, |, 1, 2 respectively. Pcnnt 
out the general differences between these curves and those of Fig. 82. 

3. Name some characteristics common to all curves of the family 
x*y s= 1, (i) in which the value of n is positive, (ti) in which the vahie 
of n is between and — 1, {Hi) in which the value of n is less than — 1. 

4. Construct cm one diagram the loci whose equations are y » tan x, 
y « 4 tan X, y = tan 4x, y = tan (x + 4). 

• 5. State in what definite way each of the loci y ^ a tan x, y » tan bx, 
y « tan (x + c), y = tf tan (bx + c) differs from the curve y — tan x. 

6. What is the effect on the gn^ih ciy ^ a tan (bx + c) of a change 
in a? in b? in c? 

7. Qmstruct the following loci 



(a) y — sin 2x, 
(d) y = X + sin X, 
(y) y = ffln"> x, 
(» y « X sm-* X, 
(m) y « 4«*, 



(b) y == sin »x, 

(c) y = 1 — cos X, 
(h) y « tan~* x, 

(A:) y — X -\- sin"* x, 
(n) y = €*+•, 



(p) y ^logi^-^ 4), (g) y « C log x, 



(c) y = fian* x, 
(/)y = tan»x, 
(t) y = 4 sin-* (z*), 
(Z) y = e* sin 2x, 
(o) y = 4 log X, 
(r) y == X log X, 



97. Parametric eqtiationa.— When the coordinates of points 
on a curve are expressed separately in terms of a third variable, 
or parameter, the two equations are called the parametric 
equations of the curve. 

This was done in the case of the ellipse, Art. 78, where the 
coordinates of any point on the ellipse are expressed in equations 
(5), p. 133, in terms of the eccentric angle ^, 



X «" a cos 4>f y ^ h sin 0. 



(i) 
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When this can be done it is merely an alternative to that of 
expressing the relation between x and y by means of a single 
equation. Tl\e latter can be derived from the parametric equa- 
tions by combining them so as to eliminate the parameter, as 
shown in Art. 81. 

Thus eliminating <l> between the two equations {i) by writing 
them in the form 



- = cos <p, 
a 



- = sm <^, 



and then squaring, and adding, the result is 

5! _L L' - 1 
a2 "^ 62 ' 

the ordinary equation of the ellipse. 

Examples. 1. Show that x = a sec t, y — h tan t are parametric 
equations of the hyperbola. 

The two given equations can be expressed in the form 



X 

- = sec t. 
a 



y 



— tan t. 



Hence, squaring and subtracting the second from the first 

which is the equation of a hyperbola. 

2. Construct the locus whose parametric equations are a? = }f* — 1, 
2/ = i+ 2. 

To determine the coordinates of points on the locus assign values 
to the parameter ^, and compute the corresponding pairs of values of 
X and y. Thus 



etc 



( = -4 


-3 


-2 


-1 





1 


2 


3 


4 


a; = 3 


i 





-f 


- 1 


-1 





f 


3 


y--2 


-1 





1 


2 


3 


4 


5 


6 



The curve is drawn in Fig. 89. It looks like a parabola. To determine 
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whether it is a parabola, eliminate the 
parameter t between the two given 
equations, thus obtaining the equation 



or 



a; = i(v - 2)» - 1, 
^ — 42/ — 4x = 0. 



which is the equation of a parabola. 

3. Construct the locus whose para- 
metric equations are x = adf y = b 
(1 - cos e). 

Assigning values to 0^ and com- 
puting the corresponding values of x 
and y the results are tabulated as 
follows: 




Fig. 89 



^=0 
a;=0 

The curve is drawn in Fig. 90. 
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Fig. 90. 

98. The cycloid. 

Definition. // o circle rolls on a straight line the curve de- 
scribed by any fixed point on the circle is called a cycloid. 

Let r be the radius of the rolling circle, and OA, Fig. 91, the 
straight line on which it rolls. Let the point P of the circle de- 
scribe the curve OH A, where is the position of the describing 
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point where it touches the given line, and A the position it 
reaches after one complete revolution. The curve OH A is then 
a cycloid, sometimes called one arch of the cycloid, since as the 
circle continues to roll the point P will describe a succession of 
curves identical with OH A in form. The line OA is called the 
base of the cycloid. 

As the circle rolls every point of it comes successively into 
contact with OA, hence the length of OA is the same as the 

Y 




Fig. 91 * 

circumference of the circle, 2Trr, For the same reason when 

the circle has turned through the angle NOP = 6, as shown in 

the figure, 

distance ON = arc PN = rS, (i) 

Take OA for X-axis, and 0, the initial position of P for origin, 
then for the coordinates of P, 



But 



X = OM, y = MP. 

OM = 0N + NM = 0N + LP 

=z rd — r sin 6, 



(«) 



(m) 



because by (i) ON = rO, and from the figure LP = — r sin 6. 
The negative sign is used for LP because it is measured in the 
negative direction for abscissas. Also, 

MP = NL ^ NC + CL = r -rcoaO (iv) 
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because 



CL = — r cos 6, 



The negative sign is used for CL because it is measured in the 
negative direction for ordinates. Hence from (u), (ui) and (iv) 



X = r(e - sin 6)^ y = r(l - COS ^), 



(10) 



which are the parametric equations of the cycloid. 

99. The epicycloid and hypocycloid. 

I. The Epicycloid. 

Definition. If a circle roll on the outside of a fixed circle the 
curve described by any point of the rolling circle is called an 
epiq/ctoid. 

Let P be the generating point on the rolling circle, and A 
one of its positions where it touches the fixed circle. Take 
the center of the fixed circle 
for origin, and OA for the X- 
axis. Let AQ be an arc of the 
epicycloid. The line OC, join- 
ing the centers of the two circles 
passes through Kj their point of 
contact. Let AOK = 6, KCP 
= 0, OK = R, CK = CP = r. 
Draw NCy MP perpendicular to 
OX, and BCL parallel to OX, 
meeting MP produced at L. 
Angle BCO = 8. Then for the 
coordinates of P, 




where 
and 



X = OM = ON + NM = ON + CL, 

ON = OC cos NOC = (R + r) cos 6, 

CL = - CP cos BCP = - r cos (<^ + 6). 



0) 

(u) 
(Hi) 
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The negative sign is written in (m) because CL is positive, 
while cos (^ + 0) is negative. 



Also, 

where 

and 



.'. x = (72 + r) cos ^ — r cos (0 -h B), 
y = MP = ML + LP ^ NC + LP, 
NC = OC sin NOC = (R + r) sin (?, 

LP ^ -CP sin BCP 



(iv) 

(V) 

ivi) 




Fig. 92 



hence 



= — r sin (0 + ^). (vii) 

The negative sign is written in 
(m) because LP is negative, 
while sin (0 + 6) is positive. 

.'. y = {R + r) sin e 

— r sin {<f> + 0). {viii) 

To eliminate from equations 
(iv) and (t;tii) we have 

arc KP = arc AK, 



r<f> = 1^^, or 



r 



Substituting this value of <t> in (iv) and (mi) the results are 



y = (B + r) sine - rsin ( 6) , 



(11) 



which are the parametric equations of the epicycloid. 

II. The Hypocycloid. 

Definition. If a circle roll on the inside of a fixed circle the 
curve described by any point on the rolling circle is called a hyPo- 
qfcloid. 
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Using the same notation as for the epicycloid the student 
will be able to show that the parametric equations of the hypo- 
cycloid are 




Fig. 93 



X = (B — r) COS e + r cos 



{^'). 



y = (B — r) sine — rsin y -dj . 



(12) 



These equations may also be obtained by changing the sign 
i>f r in the equations of the epicycloid (11). 

100. Special forms of the hypocycloid. 

I. When the diameter of the rolling circle is half the diameter 
of the fixed circlCy the hypocycloid is a straight line. 

Making R = 2r in equations (12) the results are 

X = r cos 6 + r cos d = 2r cos d, y = r sin 6 — r sin 6 = Oy 

from the second of which it appears that the generating point 
travels on the X-axis, which proves the theorem. 

II. To find the equations of the hypocycloid when the diameter 
of the rolling circle is one fourth the diameter of the fixed circle. 
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Making i2 — 4r in (12) we have 

X = 3r cos 6 + r cos 3^, 
y = 3r sin ^ — r sin 3^, 

IB 
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Fig. 94 



or, substituting for cos 3^ and sin 3^ 
their values in terms of B [see (28) 
p. x], 

X = 4r cos' ^, - 2/ = 4r sin' ^, 

which are the Tequired equations. 
Replacing 4r by its value OA = JB, 
these equations become 

a? = ^ COS* ^, y = JJ sin* B. (13) 



The four points il, B, C, D in the figure are called cusps, 

and the curve is known as the four-cusped hypocycloid. 

From (13) x^/' = BM^ cos ^, y^^^ = B>^^ sin B, hence squaring 

and adding 

a^/» + ^it = ^/3. (14) 

which is the equation in non-parametric form. 

101. The involute of the circle. 

Definition. Imagine a cord to be wound tightly around a 
circle, then as it is unwound, keeping it tavt, the end of the cord 
describes the involute of the circle. 

Let AQ be an arc of the involute generated by the point P, 

whose initial position was at A, LP is tangent to the circle at L. 

Take the center of the circle for origin, and OA for the X-axis. 

Draw MP and NL perpendicular to OX, and KP parallel to OX. 

Let AOL = B and OL = r. Since the triangles NOL, KLP are 

similar, the angle KLP = B, Then for the coordinates of the 

point P 

X == OM = ON + NM = ON + KP, (i) 

y = MP = NK^ NL + LK, (u) 
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(15) 



Fig. 95 
where 

ON = OLcosS = r cos B, NL = OLsinB = r sin 6, {iii) 

and KP = LP sin 6, LK = — LP cos 6 (because LK is nega- 
tive). But 

LP = arc LA = r^, 
hence 

KP = r^ sin 6, LK = - rS cos ^. (iV) 

Hence finally substituting from {Hi) and {iv) in (t) and (u), 

a; = r COS ^ + i^ sin ^, 
y = r sin ^ — rd cos 6^ 

which are the required parametric equations. 

Exercises on Chapter IX 

1. Construct the loci determined by the following pairs of para- 
metric equations, as in Exs. 2 and 3, Art. 97. 

(a) y = 4«, X « 3^ 4- 5; (6) x = 8/, y = 4?; 

(c) X = 3 sin /, y = 4 cos <; (d) x = 4/, y = — 6< + 4; 

(c) X = 4^, 1/ = 3<' — 1; (/) y = 4 sec /, x = 3 tan «. 

2. Determine the equation in x and j/ for each of the loci in Exercise 1, 
by eliminating the parameter between the given equations. 

Ans. (o) 4x - 3y - 20 = 0, (b) 16y = x«, (c) 16x« + 93/« = 144. 

3. Express the equation of the circle x* + j/* = r* in parametric 

form. 
13 
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4. Obtain parametric equations for the ellipse 

(x - g)' . (y - fi)* _ . 
a« "^ 6« ~ ^• 

5. When a circle rolls on a straight line the curve traced by a fixed 
point on a radius of the circle (or on the radius produced) is called a 
trochoid. If a is the radius of the circle, and h the distance of the tracing 
point from the center, show that the parametric equations of the 
trochoid are, with axes as in Art. 98, 

X ^^ a0 — b em 0j j/«=a — 6 cos 6. 

6. Construct from their equations the trochoids (Ex. 5) for which 
a = 2, and 6 = 1,}, 3, respectively. 

7. Construct the loci determined as follows: ^ 

(o) X - 4i(0 — cos $), y - 4(1 + sin $). 

(6) y = 2 sin ^ — sin 2d, x = 2 cos d — cos 2d, 

(c) y =» 3 sin d — sin 3d, x = 3 cos d + cos 3d. 

(rf) x = 2 cos d + 2d sin d, y = 2 sin d — 2d cos d. 

8. Find the equation in x and y for the locus in Ex. 7 (a) by elimi- 
nating d. Ans. a: = 4 sin~* li(y — 4)] ~ V8y — y*. 

9. Obtain equations in parametric form for the parabola y* = 2px. 

10. Prove that x = a(9 + sin d), y = — o(l — cos d) are the para- 
metric equations of the cycloid when the origin is at the highest point 
on the curve, and the X-axis is the tangent at this point. 

11. What does the trochoid (see Ex. 5) become when 6 = a? When 
6=0? How do the trochoids in which h < a differ from those in 
which 6 > a? 

12. A straight line revolves about the point (0, — 6) intersecting the 
X-axis in the variable point M. On this line the point P is taken at 
the constant distance a from Af . Prove that the parametric equations 
of the locus of P (called the conchoid) are 

X — a cos d -h 6 cot d, ^ = a sin d. 
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102. Polar coordinates of a point in a plane. 

Theorem. The position of a point in a plane is determined 
by its distance and direction from a fixed point in the plane. 

Let il be a fixed point in the 
plane, and AB sl fixed line drawn 
from A determining in the plane 
a fixed direction. Let P be any 
point in the plane. Then the 
position of P is determined if the 
length AP and the angle BAP are 
given. 

The distance AP and the angle BAP are coordinates of the 
point P, since they locate the position of the point in the plane. 

Definitions. Coordinates of the kind here described are 
called polar coordinates. The fixed point A is called the pole 
of the system, and the fixed line AB is called the polar axis, 
or the initial line. The coordinates AP and BAP of any 
point P are designated respectively by r and Bj and the point P 
is the point (r, 6). The distance r is called the radius vector 
of the point, and the angle 6 is called the vectorial angle. 

If in Fig. 96 AP = r = 5 and BAP = ^ = 120°, the point P 
is the point (5, 120°) or (5, fir). 

103. Signs of the coordinates.— The sign of the vectorial 
angle 6 is determined as in trigonometry. It is therefore positive 
when measured counter-clockwise from AB, and negative when 
measured in the opposite direction of rotation. 

The sign of the radius vector r requires some explanation. 
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Every value rf e detmnines a line through A, as NM, One 

part of this line AM forms the 

M\ terminal side of e. The other 

portion, AN is the terminal side 
of d produced through A. On 

every such line NM there is a 

B positive and a negative direc- 
tion. The positive direction is 
always from A on the terminal 
side of d, and the opposite direc- 
tion is negative. Thus in Fig. 
97 for e = BAM, AM is the 

positive direction on the line NM, and AN the negative 

direction. 

A point P on AM, whose vectorial angle is ^ = 120**, Fig. 98, 
therefore has a positive radius vector. Let AP = 3 units, 
then P is the point (3, 120*'), or (3, |t). The same value 
e » 120^ may also be used as 
the vectorial angle of a point 
Q on AN, but AQ the radius 
vector of Q being measured 
on the terminal side of B pro- 
duced through A, is negative. 
If the length of AQ is 3 units 
the coordinates of Q will be 
(-3,120*'), or (-3, It). 

Instead of taking B = 120**, 
the value B = — 60** may be 
used, since this also determines 
the line MN in the same position as before. In this case AN 
is the terminal side of B. Hence AN is now £he positive, and 
^ the negative direction, and the coordinates of P and Q 




Fig. 98 
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are (— 3, — 60**), and (3, — 60**) respectively. Also since the 
angles — 60° and + 300° are the same, we may write P = 
(-3, 300°), Q = (3,300°). 

Any of the infinitely many ways whereby the angle which 
MN makes with AB can be expressed, may be used as the value 
of d, and the radius vector of any point on MN will then be 
positive or negative according as the point lies on the terminal 
side of By or on the terminal side produced through A, 

Exercises. 1. Locate each of the following sets of points, each 
set on one diagram 

(a) (2, 30**), (4, 120*'), (2, Jt), (3, fx), (4, }t), (3, 281^), (5, x), 

(2, jh^)r (3.7, 47^ 18'), (1.47, 15** 14'), (0, 0), (0, 4x). 
(6) (4, 75^), (4, - 75**), (- 4, 75^), (- 4, - 75**). 

(c) (3, V'), (3, - ¥x), (- 3, Jj^x), (- 3, - Vx). 

(d) (4, fx), (4, - Jx), (- 4, ^t), (- 4, - ix), (4, V^). 

2. What is the distance between the points (4, Jx) and (4, fx)? 
between (4, Jx) and (~ 4, {x)? between (4, Jx) and (—4, ix)? 

3. What angle with the polar axis is made by the line connecting 
(4, ix) and (4, - ix)? 

4. What is the direction of the line connecting (6, ix) and (6, }x)? 

5. On what curve are situated all points whose radius vector is 4? 
whose radius vector is a? What is the equation in polar coordinates of 
the circle whose radius is a, and whose center is at the pole? 

6. What is the locus of all points whose vectorial angle is ix? whose 
vectorial angle is a? What is the equation in polar coordinates of the 
straight line which passes through the pole, making an angle a with 
the polar axis? Ans. 9 » a. 

104. Curve plotting in polar coordinates. 

1. Plot the curve r = 2a cos 6. 

By assigning values to in the equation, and computing the 
corresponding values of r, the coordinates of points on the 
curve are obtained and plotted on the figure. The curve is 
then traced through these points. This should be done in an 
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orderly manner beginning usually with 6 = 0°, and proceeding 
with values of at regular intervals. The curve proceeds 
from point to point in the same order as that in which the 
points are obtained as 6 increases. The smaller the interval 
between successive values of 6 the greater the number of points 
obtained, and hence the more accurately the curve can be 
traced. It is sometimes desirable to make this interval only 
5° or 10°. Usually, however, careful examination of the equa- 
tion will reveal how r varies as increases, and a smaller number 
of points will serve the purpose. In this example values of d 
differing by 30° will be used. The following table shows how 
the work may be conveniently arranged. 




e 


r 


Point 


0° 


2a 


Pi 


30° 


1.73a 


P2 


60° 


a 


P. 


90° 





A 


120° 


— a 


Ps 


150° 


- 1.73a 


Pe 


180° 


-2a 


Pi 


210° 


- 1.73a 


Ps 


etc. 


etc. 


etc.. 



Fig. 99 



It should be noted that the point ( — 2a, 180°) is the same 
as (2a, 0°), and that as increases beyond 180° the series of 
points obtained is the same as that determined by the values 
of from 0° to 180°. This recurrence of points often happens 
in plotting equations containing trigonometric functions, and 
is a result of the periodicity of the values of these functions. 
The place in the series of values of 6 where the recurrence begins 
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is not always 180°, but depends upon the form of the equation 
and upon the trigonometric functions involved in it. The curve 
in Fig. 99 is a circle. (See Art. 105)*. 

2. Plot the curve r = a sin 3^. 

Taking values of 6 at intervals of 10° the table of corre- 
sponding values of d and r is as follows: 



e 


r 


0° 





10° 


0.5a 


20° 


0.87a 


30° 


a 


40° 


0.87a 


50° 


0.5a 


60° 





70° 


-0.5a 


80° 


- 0.87a 


90° 


— a 



e 


r 


100° 


- 0.87a 


110° 


- 0.5a 


120° 





130° 


0.5a 


140° 


0.87a 


150° 


a 


160° 


0.87a 


170° 


0.5a 


180° 





190° 


-0.5a 




Fig. 100 

The curve is completely traced as d changes from 0° to 180°. 
The points Pi, P2, P» are given respectively by the coordinates 
(a, 30°), (-a, 90°), (a, 150°). 

3. Plot the curve r = 2 — sin |^. 

Since the value of the sine of an angle is never greater than 
+ 1 nor less than — 1, the values of r in this case are always 
positive and cannot be less than 1, nor greater than 3. There- 
fore the curve does not pass through the pole. The minimum 
value of r is +1, corresponding to values of 6 for which 

sin 1^ = 1. 

Similarly the maximum value of r is -h 3, corresponding to 
values of 6 for which 



sin 1^ = — 1. 
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The table of eorresponding values of and r is now com- 
puted. 

r \ Ti. 



e . 


r 


Pt.' 


e 


r 


0^ 2.0 1 210* 


2.7 


30* 1.3 2 


240* 


2.0 


60* 1.0 3 


270* 


1.3 


90* 


1.3 


4 


300* 


1.0 


120* 


2.0 


5 


'^Mr 


1.3 


150* 


2.7 


6 


360* 


2.0 


180* 


3.0 


7 


390" 


2.7 



Pt. 





r 


Pt. 

1 


8 


42Xf 


ZJd 


15 : 


9 


450* 


2.7 


16 


10 


480* 


2.0 


17 . 


11 


510* 


1.3 


18 1 


2 


640* 


1.0 


?9. 


13 


570* 


1.3 


20 .| 


14 


600* 


2.0 


21, 



630* 
660* 
690* 
720* 
750* 
etc. 



2.7 
3.0 
2.7 
2.0 
1.3 
etc. 



22 

23 

24 

1 

2 

etc. 




Fig. 101 

In plotting this curve it must be noted that although when 
6 » 360**, r has the same value as when d = 0°, the curve is 
not complete until = 720°, after which the points recur in 
regular order. 

4. Trace the curve r = aB. 

This is one of a large class of curves called spirals. This 
is known as the spiral of Archimedes. 

The values of are taken in radians. The values of r evi- 
dently increase indefinitely as increases. 
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The portion of the curve drawn solid is that given by positive 



e 


r 








ix 


0.79a 


ix 


1.57a 


It 


2.36a 


IT 


3.14a 


^ 


3.93a 



\ 



etc. 




""-0-. 



Fig. 102 

values of B, and the dotted portion is given by negative values 
of ^. 

5. Plot the curve r' = a' cos 2B, 

In this equation if cos 2d is negative r is imaginary. Hence 
the curve does not exist for values of 2B between 90° and 270°, 
that is for values of between 45° and 135°. For every value 
of B which makes cos 2B positive r has two values numerically 
equal with opposite signs. Thus: 




e 


r 


0° 


dt a 


10° 


± 0.97a 


20° 


dz 0.88a 


30° 


dz 0.71a 


40° 


dz 0.42a 


45° 






Fig. 103 



Values of B between 0° and - 45°, and between 135° and 225°, 
give the same series of values of r as those between 0° and 45°. 
This curve is called the lemniscate of BernouiUi, 

Exercises. Plot the following curves in polar coordinates. 

1. r B 2a sin 9. 2. r — a sin 29. 3. r "== a esc 2B. 

A, r$ ^ a, 5. r = a sin \B, 6. r = 2a tan 6. 

7. r =^ a cos 20. 8. r = a cos 3d. 9. r* = o* cos 6, 

10. r = 10». 11. r = 2a sec 9. 12. r = a tan 2$. 
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13. r = o(l — COB $). 
4 



15. r* = 
17. r = 



2 — cos tf ' 
4 



1 — cos $ ' 
19. r* = a»(l + cos 6), 
21. r = a(l + i sin 6). 
Y 



14. 


r = a(l + sin iS), 


16. 


4 


~ 1 — 4 cos d * 


18. 


r'- ^ 


1 — cos tf 


20. 


4 


1 - cos 2d • 


22. 


r = o(l + 2 sin $). 




Fig. 104 
(r, ^) of any point P in the two systems. 



105. Transformation of coor- 
dinates. — If the origin of a rect- 
angular system of coordinates, and 
the positive extension of the X- 
axis be taken as the pole and polar 
axis, respectively, of a polar sys- 
tem, the following relations exist 
between the coordinates (x, y) and 



05 = r COS 0y y = r sin ^, 

r = Vfl^TyS 6 = tan-i |, 



(1) 
(2) 



Only the positive value of Vx^ + y^ is taken in (2) and in the 
following equations, because a positive value for r may always 
be taken. See Art. 103. 

From (I) and the first equation in (2) we have also 



COS (? = - =  , 



sin ^ = ^ = , ^ , (3) 



which are often useful. 

To illustrate the application of these formulas take the 
equation y^ = 2ax — x* representing the circle with radius a, 
and center at (a, 0). To find the polar equation of this circle 
write it in the form 

x* -h y* = 2ax, 
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and substitute x* + i/^ = r* from (2), and x = r cos ^ from (1). 
The result is r* = 2ar cos ^, or 

r — 2a cos 6, 

which is therefore the polar equation of the circle of radius a 
which passes through the pole, and has its center on the polar 
axis. See Fig. 99, p. 182. 
As another example take the equation 

r = a(cos 6 — sin 6), 

and transform it to rectangular coordinates. Using formulas 
(2) and (3) the result is 



or 



X* + y^ — a{z — y) = 0, 



which is the equation of a circle passing through the origin, 
with its center at (Ja, — Ja). See Art. 40. 

106. Polar equation of the straight line. — Let HK be any 

straight line referred to the polar 

system in which A is the pole and " 

AB the polar axis. Draw A M from 

the pole perpendicular to HK, and 

let ilM = p, and the angle BAM 

= a. These constants, p and a 

determine the position of the line, 

as in Art. 26. Let P be any 

point on the line with coordinates 

AP = r, BAP = e. Then in the right triangle AMP, the 

angle MAP = 6 — a, and hence the required equation is 




Fig. 106 



r COS (^ - a) = p. 



(4) 



188 



ANALYTIC GEOMETRY 



[Chap. X] 



107. Polar equation of the conies with focus at the pole. 

Let P be any point on a conic whose focus b at the pole A, 
and whose principal axis coincides with the polar axis AB, 
Let DN be the directrix. Then 
DA = p. From the definition |^ 
of a conic, Art. 45, 

AP = e-NP, (i) 

but AP = r, NP ^ DM = DA 

+ AM = p + r cos 6. Hence 
substituting in (t) 

r = e(p + r cos 6), 

from which 




M B 



-P->i 



Fig. 106 



r = 



ep 



1 — e COS d ' 



(5) 



If the conic is a parabola e = 1, and equation (5) becomes 



r = 



P 



1 - COS ^ • 



(6) 



Exercises on Chapter X 
Normal Exercises 

1. Locate on one diagram each of the following pcnnts: (4, ix), 
(5, 245^), (- 5, 245°), (4, Jr), (4, Jx), (- 4, fx), (0, ix), (4, ix). 

2. Write four other pairs of polar coordinates each of which repre- 
sents the same point as (2, 60°). 

3. Find the rectangular coordinates of the points of Ex. 1, the origin 
and X-axis coinciding with the pole and polar axis respectively. 

4. Find the polar coordinates of the points whose rectangular co- 
ordinates are respectively (- 2, - 2), (4, 3), (- 3, 4), (5, |), (0, 6), 
(0, — 6), (6, 0), (—6, 0), the pole and polar axis being as stated in Ex. 3. 

5. Find the rectangular equation of the cardioid r ~ a(l -|- cos $), 
the pole and polar axis being taken as stated in Ex. 3. Plot the curve 
from each equation on separate diagrams. 

Ans. a«(x« + 2/*) - (x» + 2/* - ««)* = 0. 
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6. Find the polar equation of the semi-cubical paraboia axf^ ^ z^, the 
pole and polar axis being taken as stated in Ex. 3. Plot the curve 
from each equation on separate diagrams. Ans. r = a tan* sec 9. 

7. Plot the loci whose polar equations are 

(6) r = 1 + cos iSf 



{a) r = a sin |d, 

(r^ r — 




^"^ ' 4-coe«#' 
(c) r' - *32 




^"'"^ 4-coe'»' 
(g) r cos (9 - 60°) = 


2, 



(d) r 




4 




2 


— cos ^' 


( f\ r 




6 




\J )^ 


1 


- 2 cos d * 


(h)f^ 


"^ t\ 


_;_• /I 


144 

L 1 Q • i 



8. Find the polar equation of each of the following loci, and plot 
the graph. 

(a) The lines whose inclination to the polar axis is 60®, and whose 
distance from the pole is 2. 

(6) The parabola whose focus is one unit from the directrix, 
(c) The eUipse in which p — 2 units, and e = i. 
{d) The hyperbola in which p = 2 units, and e = 3. 

General Exercises 

9. Each of the equations which follow contains a general constant 
or parameter. Plot the locus of each equation on one diagram for 
several different values of the parameter which it contains, and note 
the differences in the resulting graphs due to the change in the value 
of the parameter. 

(a) r = a cos d, (6) r = cos md, (c) r cos ^ = a, 

(d) r = 1 + cos mBj (e) r ^ a '\- cos 5, 

(f)r cos (e - a) = 4, (g) r(l - cos 5) = p, 

10. Plot each of the following straight lines. 

(a) r cos {$ - ix) = 4, (6) r cos (^ + ix) = 2, 

(c) r cos (^ - 327°) = 3, (d) r cos $ = 2. 

11. Transform each of the equations of Ex. 10 to rectangular coordi- 
nates with the origin at the pole and the X-axis coincident with the 
polar axis, and plot each line from its resulting equation. 

Ans. (a) a; + y V3 - 8 = 0, (6) y + 2 = 0. 
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12. Find the equation in polar coordinates of the line which is 

(a) perpendicular to the polar axis, and passes through (4, 0). 

Ans. r cos 9 = 4. 

(b) perpendicular to the line = }r, and passes through (4, 0). 

Ans. r cos (d - 60**) = 2. 

(c) paraQel to the polar axis, and passes through (6, ^t). 

13. Derive equation (4), p. 187, by transforming equation (9), 
p. 43, to polar coordinates. 

14. find the equations of the six conies determined by the following 
data, the focus in each case being at the pole, and the principal axis of 
the conic coincident with the polar axis. 

(a) p = 2, e = 1; (6) p = 4, c = J; (c) p = 3, e= 2; 

(d) p = 1, c = J; (e) p = 4, c = 1; (/) p = 3, e = 3. 

15. Find the polar equation of the circle whose center is at (4, 60°), 
and radius 2. Ans. r« - 8r cos (9 - 60**) + 12 = 0. 

16. Show that ^ ^ o? represents two straight lines intersecting at 
the pole, and symmetrical to each other with respect to the polar axis. 
(See Ex. 6, p. 181.) 

17. Develop a method for finding the distance between two points 
whose polar coordinates are given, and find the distances between the 
following pairs of points: 

(a) (4, Jt), (5, It); (6) (2, - Jx), (2, x); 

(c) (ri, 9i), (ri, 9,); W) (4, lir), (4, fir). 

Ans. (a) Vil, (6) 2V3, (c) 2ri sin \{Bx - 9,). 

18. Find the lengths of the semi-axes, the eccentricity, and the 
coordinates of center and foci of each of the following conies 

(^)''"i-2cos9' W'-^a^z^^ 



2 - 5cos 9' ^ ' 1 -3co8a* 

Ans. (o) a = f, 6 = } V3^ c = 2, C= (i, x), foci = (0, 0), (J^, x). 
(6) a - f, 6 = JV3, € = i, C = (f, 0), foci = (0, 0), (f, 0). 
19. Determine the polar equation (a) of the ellipse, (6) of the 
hyperbola, the pole being at the center, and the polar axis coincident 
with the transverse axis. 



CHAPTER XI 

EMPIRICAL EQUATIONS 

108. General remarks.— In the latter portion of Chapter 
II the problem of determining the equation of the locus of a 
point moving under prescribed conditions was briefly discussed, 
and some illustrations of the processes of solution were given. 
Elsewhere at numerous places throughout the preceding pages 
the same principles were employed, in deriving the equations 
of the straight line, circle, and conies, and of different loci 
connected with them. 

A problem of somewhat different character will now be con- 
sidered. The coordinates of a series of points are given. These 
will usually have been obtained from some practical investi- 
gation, as a result of some form of measurement, or from some 
statistical tabulation, as opposed to theoretical determination, 
and hence must be assumed to be subject to some degree of 
error, small in comparison with the given values themselves. 

It is required to find the equation of a curve which, as nearly 
as possible, passes through the given points. Sometimes in a 
problem of this kind it is known from theoretical considerations 
what is the general form of the equation of the curve on which 
the given points are supposed to lie, and sometimes nothing at 
all is known except the given coordinates. Two distinct vari- 
eties of the problem are therefore to be considered. In either 
case an equation of a curve derived from data of this kind is 
called an empirical equation. 

109. Empirical equations, the law of the curve given. 

The method of procedure will be illustrated by examples. 
1. The results of a test made upon a piece of steel at the 
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U. S. Arsenal, Watertown, Mass., to determine the elongation 
under different loads were as follows. 



Load.llM. 


Elongatloii. 
Inebei 


Load 


Elongation 


Load 


Elongation 


5,000 
10,000 
20,000 
30,000 


0.0013 
0.0030 
0.0060 
0.0100 


35,000 
40,000 
41,000 
42,000 
43,000 


0.0118 

0.0135 
0.0139 
0.0142 
0.0145 


44,000 
45,000 
46,000 
47,000 


0.0148 

0.0151 
0.0156 
0.0160 



It is required, using the corresponding pairs of numbers as 
coordinates of points to derive the equation of the locus on 
which the points lie. 

It is known from practical and theoretical considerations that, 
within the elastic limit of the material, the elongation under- 
different loads is proportional to the load. Hence the locus of 
these points is theoretically a straight line. Therefore in 
seeking its equation the proper form to use is 

y = mx + hj (i) 

where m and b are to be determined so that the resulting line 
shall pass as near as possible to all of the given points. 

Since the difference in the order of magnitude of these two 
sets of numbers is so great, it is obvious that if corresponding 
pairs were used as coordinates of points the resulting diagram 
would be of no practical value. Hence the scales used in the 
figure should be so adjusted that the numbers expressing 
abscissas and ordinates shall be of the same order of magnitude, 
lliis may be done by making the unit for the first column 1,000 
lbs., and that for the second column 0.001 inch. Thus, 



Load. unlt=s 
1.000 lbs. 


Elong., unit = 
0.001 in. 


Load 


Elong. 


Load 


Elong. 


Load 


Elong. 


5 
10 
20 
30 


1.3 
3.0 

6.6 
10.0 


35 
40 
41 


11.8 

13.5 
13.9 


42 
43 

44 


14.2 
14.5 
14.8 


45 
46 
47 


15.1 
15.6 
16.0 
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The next step is to plot the points whose abscissas and ordi* 
nates are the corresponding pairs of numbers in the first and 
second columns of this table, respectively. See Fig. 107. 




Fig. 107 

Any two of the thirteen given points will determine a line 
which will approximate more or less closely to the required 
line. It is desirable to use points that do not lie close together, 
because if the points are close together a small error in the 
location of either of them will cause greater displacement of the 
line than would be produced by a similar error when the points 
are farther apart. Hence we choose the first and last points 
of the series, the points (5, 1.3), (47, 16). Substituting these 
values in (i) the results are 

5m + 6 = 1.3, 
47m + 6 = 16.0, 

from which m = 0.35, and 6 = — 0.45. Hence the equAtion 
of the^ line through these two points is 



y = 0.35a; - 0.45. 



(w) 



To test this equation compute the value of y for each given 
value of Xy and compare the result with the corresponding 

given value of y. The differences are placed in the column A. 
14 
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1 


1,3 


CooqMited 
. 1,3 





% 


1 


. y. J 


A 


5 , 


42 


. 14^ 


14,25 


-ao5 


10 


3,0 


3,05 


-0.05 


43 


14,5 


14.60 


-0.10 


20 


5,6 


5,55 


+ 0.05 


44 


14-S 


14.95 


-0.15 


30 


10.0 


10.05 


-0.(^ 


45 


15.1 


15.30 \ 


-0,20 


35 


11,8 


11.80 





46 


15.6 ; 


15.65 ' 


-0.05 


40 


13,5 


i 13,55 


-0,05 


. 47 


. 16.0 1 


16.0 i 





41 


13,9 


13,90 





1 


1 

\ 


1 
I 





The table shows that all of the points exo^ five lie Mow 
the line determined by the first and la^t. This result is not so 
satisfactory as it should be, and another line should be com- 
puted. For this purpose use the second point and the one 
next to the last, the points (10, 3) and (46, 15.6). Computing 
m and h as before the results are found to be m = 0.35, 6 = 
— 0.50. The equation of this line is therefore 

y = 0.35x - 0.50. (Hi) 

The student should compute a table of values for this equation 
similar to the one above. It will be found that the line (ut), 
determined by the second and twelfth points, passes through 
the fourth, sixth and eighth also, while of the rest of the points 
five lie above the line and three below it. It may be noted 
also that the sum of the positive A's thus obtained is numerically 
equal to the sum of the negative A's. Equation (tu*) may 
therefore be accepted as a satisfactory result. 

A systematic method for handling data of this kind for the 
purpose of arriving at the most probable result is based upon 
what is known as the method of least squares. It is, however, 
beyond the scope of this book. 

2. When a gas is compressed, or allowed to expand, under 
such circumstances that heat is neither gained nor lost during 
the process, the gas is said to be compressed or to expand adi- 
abatically. The equation in this case connecting the pressure 
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and volume of the gas is 



pv^ = k, 



(t) 



where p = pressure, v = volume, and n and k are constants. 

A certain body of air was compressed adiabatically, and 
corresponding pressures and volumes were observed to be as 
follows: 



P = 1.2 

V = 8.78 



1.6 
7.17 


2.0 
6.12 


2.4 
5.38 


2.8 
4.82 


3.2 
4.38 


3.6 
4.03 



4.0 
3.74 



Determine the values of n and k 
which will give the curve passing as 
nearly as possible through the eight 
points which have these pairs of values 
of p and V as coordinates. 

First plot the points using the 
value of p as abscissas, and the cor- 
responding values of t; as ordinates. 
The first attempt to reach a satisfac- 
tory solution may be made by finding 
the curve whose equation has the form 
(i) which passes through the first and 
last points of the series, the points 
(1.2, 8.78) and (4.0, 3.74). Substitut- 
ing these pairs of values in (i) the two 
resulting equations are 



Y I [ 

ol I I he 



Fig. 108 



1.2(8.78)" = k, 4.0(3.74)- = k, 



(w) 



which are to be solved for n and A;. Dividing the first by the 
second the result is 



/ 8.78 y 4.0 
\3.74/ "■ 1.2' 
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and taking the logarithms of both sides 

n(log 8.78 - log 3.74) = log 4.0 - log 1.2 
or 

0.3706n = 0.5229, 
from which 

n = 1.411. 

Substituting this value of n in the first equation of (ii) the 

value of k is 

k = 1.2(8.78)'-*", 
or 

log k = log (1.2) + 1.411 log (8.78) 

.'. log k = 1.4103, from which k = 25.73. 

Hence the curve of the required type which passes through 
the first and last points of the series has the equation 



pv'*" = 25.73. 



(in) 



To test this result substitute in it the other six given values 
of p and compare the resulting values of v computed from the 
equation with the corresponding given values. The results 
appear in the following table 



p = 1.6 
V (given) = 7.17 
V (computed) = 7.16 



2.0 


2.4 


2.8 


3.2 


6.12 


5.38 


4.82 


4.38 


6.11 


5.37 


4.82 


4.38 



3.6 

4.03 

4.03 



The computed values of v agree so closely with the given 
values that equation (in) may be accepted as a satisfactory 
result. Had it not been so our next attempt would have been 
to find the curve which passes through the first and seventh 
points, then through the second and eighth. If the results 
obtained from these two curves should still be unsatisfactory, 
the means of the values of n and k from the last two determina- 
tions could be used, or the means taken from all three deter- 
minations. 

110. Empirical equations, the type of curve not given. 

This problem arises when a series of corresponding pairs of 
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numbers is given, which can be used as coordinates of points, 
but where the law connecting them either is unknown, or is not 
known with sufficient definiteness to be expressed by an equa- 
tion. For example, the speed of a motor boat is a function 
(amongst other things) of the rate of consumption of gasoline. 
The hourly rate of consumption can be taken as abscissas and 
the resulting speeds as ordinates, and a curve drawn which will 
express graphically this relation. 

The procedure in a case of this kind is first to plot the given 
points on a figure, adjusting the scales used, if necessary, so 
that the numbers expressing the abscissas and ordinates shall 
be of the same order of magnitude. The general shape of the 
curve can then be seen, and a form of equation adopted for 
trial which corresponds to the observed form of curve. The 
following examples illustrate the process. 

1. Given the points whose coordinates are 

a; = 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

y = 8.10 9.48 11.65 14.42 17.70 21.64 26.12 31.22 37.05 

Find a good approximation to the equation of the curve on 
which they lie. 

The points are plotted in Fig. 109, the unit for x being ten 
times the unit for y, A convenient form of equation to use for a 
case of this kind, where in general y increases as x increases, is 

y = a + hx -\- cx^ + dx^ + • * • . (0 

The solution of the problem consists in finding the values of 
a, 6, c, etc., in (i), which will give the equation of a curve passing 
through a selected number of the given points, and as nearly 
as possible through the rest. An equation of the form (i) is 
chosen containing a definite number of terms on the right, and 
hence a definite number of undetermined coefficients, a, 6, c, 
etc. An equal number of the given points must then be chosen, 
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BO that when their coordinates have been substituted for x and y 
there will be as many equations in a, 6, c, etc., as there are quan- 
tities to be determined. In general the greater the number of 
terms taken in (i) the more accurate the result, but on the 



Y 

n 

(I 

I 



Fig. 109 

other hand the labor of computing the undetermined coef- 
ficients a, 6, c, etc., increases rapidly with their number, so that 
practically it is desirable to use an equation with as few terms 
as will give a satisfactory result. We begin therefore with 



2/ = a + 6a; + crc^, 



(") 



the curve corresponding to which can be made to pass through 

any three points of the series, because the equation contains 

three undetermined coefficients, a, 6, c. 

Taking the two end points of the series and the middle point 

(0, 8.10), (2.0, 17.70), (4.0, 37,05) and substituting in (u) we 

have 

a = 8.10, 

a + 26 + 4c = 17.70, 

a + 46 + 16c = 37.05, 
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from which a = 8.10, h = 2.362, c = 1.2188. Hence (ii) be- 
comes 

y = 8.10 + 2.362X + 1.2188a:2. (in) 

If the ordinates to this curve (m) be computed for the other 
given values of x they will be found to be 



X = 0.5 


1.0 


1.5 


2.5 


3.0 


3.5 


y = 9.59 


11.68 


14.39 


21.62 


26.16 


31.30 



Comparing these with the corresponding given values of y it 
will be seen that the differences are all small. The curve 
corresponding to (w), therefore, represents fairly well the rela- 
tion connecting the given pairs of values of x and y. 

Equation (m) may therefore be used for computing values 
of y in this series corresponding to values of x lying between 
and 4. An equation derived in this way should never be 
used, however, to extend the series in either direction beyond 
the limits fixed by the given values. Beyond these limits the 
curve corresponding to the assumed equation, and the curve 
which would correspond to the extended series may differ very 
widely. 

If it should be impossible to reach a satisfactory result by the 
use of equation (u), an additional term from (i) should be 
added and the process repeated with the extended equation. 

2. Find the equation of a curve which as nearly as possible 
shall pass through the points 



X = 1 


2 


3 


4 


5 


6 


7 


8 


y = 14 


12.1 


11.4 


11.1 


10.8 


10.7 


10.6 


10.5 



These points are plotted in Fig. 110, where one unit* for x is 
the same as two units for y. 

Since the value of y tends to decrease as x increases, the 
equation 

y = o + - (i) 
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may be used. This equation contains two undetermined 
coefficients a and by and therefore a curve with equation of this 
form can be determined so as to pass through any two of the 
eight given points. Using the first and last points of the series, 



^ — I : 

c !! 

■• " "  ,. ,. 

— — — — y -.-^-^—. —. 



Fig. 110 



and substituting in (i), the results are 



.-. |6 = 3.5, or b 
tion is therefore 



a + 6 = 14, 
a + |6 = 10.5, 

= 4, and hence a = 10. The resulting equa- 



y = 10+-. 

X 



(n) 



Substituting in (u) the other six given values of x, the resulting 
values of y are 



a; = 2 


3 


4 


5 


6 


7 


y = 12 


11.3 


11.0 


10.8 


10.7 


10.6 



which agree closely with the given values of y. 

IIL Concluding remarks. — It is easily seen that each 
problem of the kind discussed in this chapter stands by itself. 
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Only broad general principles of procedure can be prescribed, 
as has been indicated in the examples given, and the details 
in each case must be adapted to the special requirements which 
it presents. The aim should be to produce an equation which 
expresses the law of variation of the data throughout the range 
for which the data are given, and within their limit of error. 
It may differ widely in form from the true theoretical function, 
and for this reason, in using it to obtain values in addition to 
those given it should never be used beyond the limits with- 
in which the data lie, without careful investigation as to its 
reliability outside of these limits. As a rule it can safely be 
assumed to coincide closely with the true function only Within 
this range. 

For example an equation for the curve traced through the 
points 

X = 0.1 
y = 0.100 



0.2 
0.199 


0.3 
tf.295 


0.4 
0.389 


0.5 
0.479 


0.6 
0.565 


0.7 
0.643 



0.8 
0.716 



would be 






ii) 



y = X 

which agrees closely with these values, and this equation could 
very properly be used to express the law connecting them, 
within the limits here given. The equation 

y = sin X, (w) 

however, is also satisfied by the same numbers. Now if it be 
desired to extend the series of numbers beyond these limits it 
is found that 



when a; = 1.0 
y, from (i) = 0.833 
2/, from (ix) = 0.842 



1.2 


1.5 


2.0 


0.912 


0.937 


0.667 


0.932 


0.997 


0.909 



etc. 



so that the divergence of the two series of values of y increases 
rapidly. Hence, unless there is some means of determining 
which of the two equations, (i) or (uVis the expression of the 
law upon which the numbers are based, the values thus derived. 
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by extending the series beyond the range of the data, are of 
no value. 

If the results of a first try at a solution do not turn out satis- 
factorily another effort must be made either by extending the 
equation used in the first attempt by the addition of one or 
more terms, or by the use of some other form of equation 
appropriate to the arrangement of the given points. 

In addition to equations of the forms used in examples 1 and 
2, Art. 110, others which will sometimes be found useful are 



— - /(/vn 



y = cx^y 

where c and n are undetermined quantities; 

log 2/ = a + bx, 
log y = cx*». 



where a, b, c and n are undetermined quantities. 

Other forms may also be found amongst the curves given 
for reference in the Appendix. 

Exercises on Chapteb XI 

In the following exercises the units for abscissas and ordinates 
should be so chosen that the resulting numbers used as the coordinates 
of points shall be of the same order of magnitude. See Ex. 1, p. 191. 

1. In each of the following cases find an equation of the form (t), 
p. 197, which closely represents the data. 

(o) Tensile Tests of a Steel Wire 



Load 


Elongation 


Load 


Elongation 


Load 


Elongation 


5,000 

10,000 
16,000 
20,000 


0.00000 
0.00019 
0.00037 
0.00055 


25,000 
30,000 
40,000 
45,000 


0.00073 

0.00090 
0.00130 
0.00150 


50,000 

55,000 
60,000 
65,000 


0.00170 
0.00190 
0.00210 
0.00232 
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(b) Tensile Test of a Bronze Specimen 



Load 


Elongation 


Load 


. Elongation 


Load 




4,000 

6,000 

8,000 

10,000 


0.00013 
0.00017 
0.00042 
0.00058 


12,000 
14,000 
16,000 


0.00076 
0.00098 
0.00124 


18,000 
20,000 
22,000 


0.00158 
0.00198 
0.00243 



(c) Temperature Corrections for a Pyrometer 
T = temperature, C = correction. 



r = 800 


900 


1,000 


1,100 


1,200 


1,300 


1,400 


C = 95 


85 


75 


65 


55 


45 


35 



1,500 
25 



(d) Temperature Corrections for a Pyrometer 
T = temperature, C = correction. 



r = 700 


800 


900 


1,000 


1,100 


1,200 


1,300 


1,400 


C = 1 


2 


4 


7 


10 


15 


20 


26 



(c) Candle Power of Some Tungsten Lamps 
V — voltage, C — candle power. 



V 
C 



65.0 
6.66 



70.7 
9.30 



75.0 
11.71 



80.0 
15.03 



86.3 
20.06 



90.0 
23.49 



100.0 
34.67 



105.0 
41.40 



108.0 
45.82 



112.0 
52.21 



2. To determine the tensile strength of three lots of steel speci- 
mens were taken and tested with results as given below. Find for each 
specimen the equation of the straight line which best represents the 
data. 







Elongation in inches 




Load. Foundfl 


Specimen a 


Specimen h 


Specimen e 


5,000 
10,000 
15,000 
20,000 
25,000 
30,000 
35,000 
40,000 
45,000 
50,000 
55,000 
60,000 


0.0006 

0.0010 
0.0016 
0.0020 

6.0636 

6.0042 
0.0047 
0.0050 
0.0053 
0.0059 


0.0011 
0.0024 
0.0039 
0.0050 
0.0060 
0.0072 
0.0087 
0.0098 
0.0109 


0.0015 
0.0031 
0.0048 
0.0064 
0.0079 
0.0097 
0.0111 
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3. Find the equation of the form (t), p. 197, which best fits each of 
the following sets of points. The values of x are the same for each 
set of points. 



a; = 



2/1 
2/a 
2/8 
2/4 



3.2 
3.1 
4.12 
1.3 



1 


2 


3 


4 


5 


6 


7 


2.5 


4.4 


7.1 


16.6 


26.8 


39.7 


55.4 


7.7 


12.2 


16.4 


19.3 


20.7 


18.8 


13.3 


6.33 


8.57 


10.79 


13.01 


15.23 


17.45 


19.71 


5.7 


9.6 


12.4 


14.3 


14.7 


14.0 


13.3 



8 



73.8 

4.1 

21.95 

10.7 



4. Determine the equation of the form 



/ = 



ae 



hd 



d 



which best represents the following data obtained from tests of wireless 
current received at varying distances from a constant source, d = dis- 
tance, / = current, e = Napierian base. 



d =300 
/ =410 



400 


500 


600 


800 


1,000 


1,200 


1,500 


300 


225 


160 


95 


59 


34 


19 



2,000 
5 



5. For each of the sets of points below find a good approximation 
to the equation of the curve passing through them. In each case the 
proper form of equation to use is one of those given in Art. 111. 



(a) 



(&) 



(c) 



id) 



X 

y 

X 

y 



1.0 
4.20 

0.5 
13.9 



X = 1.2 
2/ = 7.33 

X = 0.2 
y = 0.96 



1.2 
5.36 




1.4 
6.58 


1.6 
7.86 


( 


1.8 
9.19 




2.0^ 
10.58 


1.0 
5.0 


1.5 
3.3 


2.0 

2.8 


2.5 
2.5 


3.0 
2.3 


1.6 
9.71 


2.0 
12.81 


2.4 
16.88 


2.8 
22.27 


3.2 
29.44 


0.4 
0.86 




0.6 
0.69 


0. 
0. 


8 
52 


1.0 
0.3 


8 


1.2 
0.24 




1.4 
0.14 



6. For each of the sets of points below determine a good approxi- 
mation to the equation of the curve which passes through them. The 
values of x are the same for each set of points. 



X = 0.5 


1.0 


1.5 


2.0 


2.5 


3.0 


2/1 = 4.72 
2/2 = 0.33 
2/3 = 1.78 
2/4 = 0.83 


3.10 
2.49 
2.00 
1.14 


2.57 
8.42 
1.94 
1.58 


2.28 

20.12 

1.62 

2.31 


2.13 
39.0 
0.94 
3.48 


2.04 
67.6 
0.01 
5.38 



CHAPTER XII 



EXTENSION OF COORDINATE GEOMETRY TO SOME 

SPACE PROBLEMS 

112. Rectangular coordinates in Space. 

Theorem. The position of a point in space is determined 
when its distances from three planes, mutually perpendicular to 
each other are known. 

Let XOYf YOZy ZOX be three mutually perpendicular planes, 
and P any point in space. 
From P draw a perpendicular to 
the plane XOF, intersecting 
this plane at M. The position 
of M in the plane XOY is deter- 
mined by the coordinates ON = x, 
NM = y. Hence these two dis- 
tances together with the distance 
MP = z determine the position 
of P in space. 

Complete the rectangular par- 
allelopiped which has and P for opposite vertices, and ON, 
NMj MP for its three dimensions. The edges QP = ON = x, 
and RP = NM = y are respectively the distances of P from 
the planes YOZ, ZOX, Hence the three distances QP, RP, MP 
determine the position of P. 

Definitions. I. The Coordinate System, The three planes, 
XO F, YOZ, ZOX, are called the coordinate planes, their com- 
mon point of intersection, the origin, and the three lines X'X, 
F'y, Z'Z, in which they intersect, the coordinate axes. The 
distances of a point from the three coordinate planes are called 
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the coordinates of the point, and are represented by the letters 
Xf y, 2, as indicated above, the a: of a point being its distance 
from the plane YOZj measured parallel to X'X, etc. 

II. Signs of the coordinates. Each coordinate of a point is 
measured from the corresponding coordinate plane, and hence 
is positive or negative according as it is measured in one direc- 
tion or the opposite. As the figure is ordinarily drawn (see 
Fig. my, the positive directions for x, y, z are respectively 
OX, OY, OZ, The three coordinates of a point are all positive 
in one, and only one, of the eight solid angles (octants) formed 
by the intersection of the three coordinate planes. 

III. Notaiion. In writing the coordinates of a point they 
are enclosed in parenthesis, and written in the order x, t/, z. 
Thus the point (3, ~ 2, 4) is the point for which a; = 3, y = — 2, 
2 = 4. This point is found in the octant — XF'Z, Fig. Ill, 
since its y is negative, while its x and z are positive. 

IV. Dravnng the Figure, In drawing figures for geometry 
of space a conventional perspective is used. See Fig 111. The 
axes X'X, Z'Z lie in the plane of the paper and are drawn at right 
angles. The axis 7' 7, which is perpendicular to both of the 
others, is drawn so as to make apparently equal angles with 
OX', OZ'. All parts of the figure which lie in the plane XOZ, 
or in planes parallel to XOZ, are drawn in their true shape, but 
when they lie in other planes they are more or less distorted. 
Distances parallel to OX or OZ are drawn in their true length, 
but those parallel to OF must be foreshortened. 

113. The distance between two points.— Let Pi(xi, t/i, 
2i) and P2{x2, 2/2, 22) be any two points in space. Draw PiAf 1 
and P2M2 perpendicular to the plane XOY, In the plane 
P1M1M2P2 draw P2Q parallel to M2M1J meeting MiPi in Q, 
The triangle P1QP2 is right-angled at Q, hence 



P1P2 = >'P2e' + QPi\ 
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where PtQ = MtMi = V(a:i - x^Y + (yi - yt)\ by (3), p. 6, 
and QPi = MiPi ~ MiQ = MiPx - MjPi = 2i - 2j. 

JP1P2 = V(a?i - ajj)* + (yi - yt)* + («i - «,)*. (1) 




Fig. 112 

Exercises. 1. Draw a set of coordinate planes, and using any 
convenient unit of length, locate the points (3, 2, 4), (4, 3, 2), ( — 3, 2, 
- 2), (0, 4, - 3), (0, 0, 5), (2, - 3, 5), (-2,-3,-4). 

2. What are the coordinates of a point on the X-axis at the distance 4 
from the origin? 

3. A point is on the Z-axis at the distance — 4 from the origin, 
what are its coordinates? 

4. What is the locus of all points for which (a) z is zero, (6) x is zero, 
(c) X and y are both zero, ((2) x is + 2, (e) a; is 2 and y is 3? 

5. What is the distance from the origin to each of the points (xi, 
Vu 2i), (- iTi, - yi, zi), (xi, - yi, zi), (xi, yi, - 2i), (xi, - yi, - Zi), 
(— Xi, — yiy — 2i)? Which of these points are so situated that the 
straight line joining them passes through the origin? Which of them 
are sjntnmetricaDy situated with respect to a coordinate plane? with 
respect to a coordinate axis? 

6. Determine the lengths of the sides of the triangle whose vertices 
are the points (2, - 4, 7), (3, - 2, 0), (4, - 5, 4). 

Ans. 3V6, VI4, V26. 

7. Find the lengths of the sides and diagonals of the quadrilateral 
whose vertices in order are the points (3, 2, 4), (2, — 3, 5), (1, — 2, — 3), 
(3, 2, - 1). Ans. Sides, 3>S, V56, 2V6, 5; Diagonals VS9, V^. 
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114. Projections.— I. The orthogonal projection of a point 
on a line or plane is the foot of the perpendicular from the 
point to the line or plane. Let P be any point, RS any plane, 
and PM the perpendicular from P to the plane, then M is the 




Fig. 113 

orthogonal projection of P on the plane RS. M is also the or- 
thogonal projection of P on the line A'B' in the plane RSj passing 
through Af. 

When the term projection is used in the following pages 
orthogonal projection will always be meant. 

II. The line or plane on which a projection falls is called the 
line or plane of projection. 

III. The projection of a line or curve on a plane is the locus 
of the projections on the plane of all the points on the line or 
curve. As proved in elementary geometry the projection of a 
straight line on a plane is in general a straight line. In Fig. 
113 A'B' is the projection of AB on the plane RS, 

IV. The projection of a curve on a plane is in general another 
curve. Thus L'X' is the projection of LK. In particular, if 
the curve projected lies in a plane parallel to the plane of pro- 
jection, the projection is identical in shape and size with the 
curve projected. 

lis. Direction angles and cosines. 

Definition. The angles which a straight line makes with the 
three coordinate axes are called the direction angles of the line, 
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Fig. 114 



and the cosines of these angles are called the direction cosines of 
the line. 

If the line pass through the ori- 
gin, as OP, Fig. 114, the direction 
angles are XOP = a, YOP = fi, 
ZOP = y. 

Since the angle between two 
non-intersecting lines in space is 
defined to be the angle formed 
by two lines drawn through a 
common point parallel respectively 
to the non-intersecting lines, the 
direction angles of a line which 
does not pass through the origin 
are the same as those of a parallel line through the origin. 

Note. The direction angles of a line P^P passing through the origin 
may be taken as the angles which either OP, or OP' makes with the 
positive directions on the three axes. Either of these sets of angles 
determines completely the direction of the line in space. 

Theorem I. The sum of the squares of the direction cosines 
of any line is equal to unity. 

From what has just been said it will be sufficient to prove 
the theorem for a line passing through the origin. 

Let OP, Fig. 114 be the line. From P let fall a perpendicular 
to OX. This will meet OX at N, where the perpendicular from 
M meets OX. The triangle OPN is right angled at N, Let 
OP = r. Therefore 



cos a = 



ON ^x 
OP" r' 



(t) 



Similarly 



^ OQ y OR 2 



(u) 



15 
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Squaring and adding, 



cos' a + cos' j8 + cos' y = 



x' + y' + 2' 



(m) 



But OP is a diagonal of the rectangular parallelopiped whose 

three conterminous edges are ON = x, OQ = JVM = y, OR 

= MP = z. Hence x' + y' + 2' = r'. 

/. from {in) 

COS' a + cos' j8 + cos' 7 = 1. (2) 

Definition. The distance r of a point from the origin is 
called the radius vector of the point. 
From (i) and (ii) above 

X = r cos a, y = r COS j8, » = r COS 7. (3) 

Theorem II. The direction cosines of the line joining two 
given points Pi (xi, i/i, 21), ^2(^2, 2/2, 22) are 



iC2 "" OCl 

COS a = — , 

a 

COS 7 = 



COS j3 

g2 ~ Zl 

d ' 



V2 — y\ 
d 



(4) 



where d is the distance P1P2, Fig. 115. 




Fig. 115 
The proof is left to the student. 
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116. Cylindrical Coordinates. — The position of a point in 
space is determined by its distance from a fixed plane and the 
polar coordinates in this plane of 
the projection of the point upon it. 
These coordinates are called cylin- 
drical coordinates. 

Let P be the point, XOY the 
fixed plane, and OX the polar axis 
in this plane. Then the cylindrical y 
coordinates of P are 




Fig. 116 



Mr = Zj OM = r, XOM = 6. 



(5) 



Note. The letter r is used here to represent OAf , instead of OP as 
in Arts. 115, 117. 

117. Spherical coordinates.— Let ZOX be a fixed plane, 
and XOY, YOZ two planes perpendicular to XOZ and to each 
other. Let P be any point in space. Draw OP, let fall PM 
perpendicular to XOY, and draw OM, Then 



or = r, XOM = d, zor = y 



(6) 



are the spherical coordinates of P. 
These coordinates determine the position of P because 6 deter- 
mines the plane through OZ which 
contains P, and (r, 7) are the polar 
coordinates of P in this plane with 
reference to OZ as polar axis. 

The rectangular coordinates of 
P may be expressed in terms of 
r, 0, 7, as follows. Draw MN per- 
FiG. 117 pendicular to OX, then 




X = ON = 0M cos e, y = NM = OM sin 6. (0 
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In the right triangle OMP, right-angled at M, the angle MPO 
a» 7, hence 

OM = r sin 7, and z = MP = r cos 7. (it) 

Substituting the value of OM from (u) in (i) the results are 

a? = r COS ^ sin 7, y = rsiaO sin 7, z = r COS 7. (7) 

Conversely from equations (7), or from the figure 

r = Va^ + |/» + «», ^ = tan-i ^ , 

* (8) 



Vaj2 + I/" + «* 



Exercises. 1. Find the direction cosines of the lines determined 
by the following pairs of points, taking the direction for each line from 
the first to the second given point. 

(a) (0, 0, 0), (1, 3, 7); (d) (0, 5, 0), (5, 0, 0); 

(6) (1, - 4, 3), (3, 2, 5); (e) (0, 0, 4), (5, 4, 0); 

(c) (- 1, 2, - 4), (2, - 7, 3); (/) (1, 2, 3), (- 1, - 2, - 3). 

Ans. (a) ^ ^» ^ '^^ ^ >'^- 

2. What are the direction cosines (a) oi the positive direction of the 
X-axis, (6) of the negative direction of the Z-axis? 

3. What are the direction cosines of the three lines joining the origin 
to the three pomts (1, 1, 0), (1, 1, 1), (- 1, - 1, - 1)? 

4. Find the lengths of the sides and diagonals of the quadrilateral 
whose vertices in order are the points (1, 2, 4), (3, 2, — 1), (7, 5, — 3), 
(5, 5, 2). Prove that the figure is a parallelogram, by showing that the 
opposite sides are parallel. 

Ans. Sides all equal '>l29] diagonals, V94, '^. 

5. Find the lengths of the projections of the line from (2, — 3, 3) 

to (—2, 2, 4) on the X-, Y-, and Z-axes respectively. 

Ans. — 4, 5, 1. 

6. Show that (2, — 3, 1) is the center of a sphere which passes 
through the pomts (8, 0, 3), (4, 3, 4), (0, - 9, - 2), (5, - 1, 7), (9, 
- 3, 1). 
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7. Two of the direction cosines of a line are — f , and |, what is the 
third? Ans. =fc §. 

8. If a line makes angles of 60** and 45** respectively with the positive 
directions of the X- and Z-axes, what angle does it make with the 
F-axis? Ans. 60" or 120°. 

9. Find the spherical coordinates of each of the following points 
(1, 2, 2), (1, 4, - 8), (- 4, - 3, 0), (4, - 4, 2). 

Ans. First point r = 3, = tan"* 2, 7 = cos"* J. 

Second point r = 9, B = tan"* 4, 7 = cos"* (—J). 

10. Determine the rectangular coordinates of the point whose 

spherical coordinates are r = 4, ^ = 60°, 7 = 30°. 

Ans. (1, >/3, 2V3). 

118. Equations of the first degree containing one or 
two variables. 

Theorem I. Equations of the form x = a, y = h^ z = c, 
where a, 6, c are constants, represent planes parallel to YOZ, ZOX, 
XOY respectively. 

The equation x = a defines a system of points all at the 
same distance a from YOZ. These points all lie in a plane 
parallel to YOZ and at the dis- 
tance a from it. Hence x = a is 
the equation of this plane. 

Thus if OAf = 4 units, the equa- 
tion of the plane AMB is x = 4. 

Similarly the theorem is proved 
f or y = 6 and 2 = c. 

Theorem II. Two simultane- 
OILS equations of the form x = a, 
y = h, where a and h are con- 
stants, represent a straight line 
parallel to OZ, 

Let OM = a, ON = h. By Theorem I, x = a represents the 
plane AMB, and y = b, the plane CND, hence the two equa- 
tions taken simultaneously represent that system of points 
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which is common to both planes. This is the straight line HK, 
parallel to OZ, in which the two planes intersect. 

Similarly the two pairs of equations y = bj z = c; x = a, 
2 = c represent straight lines parallel respectively to OX and 
07. 

The following important corollaries are easily deduced from 
Theorems I and II. 

The equation of YOZ is a- = 0. (9) 

The equation of ZOXis y = 0. (10) 

The equation of XOF is « = 0. (11) 

The equations of OX are y = 0, « = 0. (12) 

The equations of OT are « = 0, x = 0. (13) 

The equations of OZ are x = 0, y = 0. (14) 

Theorem III. The equation Ax + By + D = represents a 
plane parallel to OZ, 

Let ABh% the straight line in the plane XOY whose equation 
in that plane is 

Ax + By + D -=0. (i) 

Through AB pass a plane parallel to OZ, meeting XOZ in 5D, 

and YOZ in AC, Let P be any 
point in this plane CABD, and 
through P draw QP parallel to OZ^ 
meeting AB at Q. Since QP is 
parallel to OZ it is also parallel to 
YOZ and to XOZ, so that every 
point on QP has the same x, and also 
the same y. Hence P has the same 
X and y as Q, and therefore the coor- 
dinates of P will satisfy equation (i) 
since the coordinates of Q satisfy it. 
Equation (i) is therefore the equation of the plane CABD since 
it is satisfied by the coordinates of P, any point in it. 




Fig. 119 
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Similarly it may be shown that 

Ax + Cz+D =0, (n) 

By + Cz + D =0, (in) 

are the equations of planes parallel respectively to OF and OX. 

Corollary. Any two of the three equations {i)j (ii), (m), 
taJcen simvUaneously, represent a straight line. 

The two equations taken simultaneously represent that 
system of points common to the loci of the equations consid- 
ered separately, and since both loci are in this case planes the 
points common to both lie in the straight line in which they 
intersect. 

119. Equations not of the first degree containing two 
variables. 

Definitions. A cylindrical surface is one which is generated 
by a straight line which moves so that it is always parallel to a 
fixed straight line and always intersects a given curve which does 
not lie in the same plane with the fixed linCj nor in a plane parallel 
to it. 

Every position of the generating line of a cylindrical surface is 
called an element of the surface. 

Theorem. Every equation, whose degree exceeds the first, 
which contains only two of the three variables, x, y, z, is the equation 
of a cylindrical surface, whose elements are parallel to that one of 
the coordinate axes which corresponds to the variable missing from 
the equation. 

The proof is essentially the same as that of III, Art. 118. Let 

fix, y) = 0* (i) 

be any equation of higher degree than the first in x and y. 
In the plane XOY this equation represents some curve AB. 

* See Art. 17. 



216 



ANALYTIC GEOMETRY 



[Chap. XII] 



Through every point of AB draw a straight line parallel to OZ. 
These lines will form a cylindrical surface. Take any point P 
in this surface. This point lies in an element of the surface PQ, 
and Q is the projection of P on XOY. Then aa P and Q have 
the same x and the same j/, and since 
the coordinates of Q satisfy (i) the 
coordinates of P will also satisfy it. 
Hence (i) is the equation of the cylin- 
drical surface with elements parallel 
toOZ. 
' Similar conclusions follow with ref- 
erence to the equations f(y, z) = 0, 
f{z, x) = 0. Hence all equations of 
Fia. 120 the form 

Ay, x) = 0, t{z, ic) = 0, fix, V) = 0, (15) 

represent cyhndrical surfaces whose elements are parallel 
respectively to OX, OY, OZ. 

Examples. The equation {y — 3)* + (z - 4)' = 4, which as 
the equation of a plane locus represents a circle in the plane 
YOZ, with center at i; = 3, a = 4, and radius = 2, represents as 
an equation in soUd geometry a cylin- 
drical surface with elements parallel 
to OX, all of whose cross-sections 
parallel to YOZ are equal circles. 

Again the equation z* ■\- y^ = r^ is 
that of a cylindrical surface which in- 
teraectsXOFinthe circle a;' -t- y' = r^, 
and whose axis is OZ. Fia. 121 

ExEBGiSES. 1. What surfaces do the following equations represent? 
(a) T - 4, (6) y + 3 = 0, (<:) z = 2, 

{<() 3b +4 - 0, («) 4a - 5 = 0, (/) 2.c -|- 1 = 0, 

to) a: -H j, - 0, (A) I = y, (t) j/ = mr -F 6, 




[Art. 120] EXTENSION TO SPACE PROBLEMS 217 

Ans. (a) A plane parallel to YOZy 4 units on the positive side. 
(g) The plane through OZ which cuts XOY in the line x + y = 0. 
(i) The plane parallel to OZ, which cuts XOY in the line y = mz + 6. 

2. Write the equations of the following planes. 

(a) Parallel to XOY^ and 4 units on the positive side of it. 

Ans. « = 4. 

(6) Parallel to YOZj and two units on the negative side. 

(c) Perpendicular to OX, and + 4 units from the origin. 

{d) Parallel to ZOXy and passing through (4, 2, 7). 

Ans. y — 2 = 0. 

3. What is the equation of the plane which is parallel to the Z-axis, 
and cuts the X- and F-axes at + 2 and — 3 respectively? 

Ans. 3x — 22/ — 6 = 0. 

4. What is the equation of the plane, parallel to the F-axis, which 
passes through the points (2, 0, 0) and (0, 0, — 2)? 

5. What lines are represented by the following pairs of equations. 

(a) a; = 3, y = 2. (d) 3x + 2 = 0, 4^/ - 7 = 0. 

(6) a; = - 2, 2 = 0. (e) 2a; - 5 = 0, ?/ = 3. 

(c) 2/ + 2 = 0, 2=4. (/) 42/ - 3 = 0, 2 = - 2. 

Ans. (a) Parallel to OZ, and intersecting XOF at (3, 2). 
(6) Parallel to OF, and intersecting ZOX at (- 2, 0). 

6. What locus is represented by the two simultaneous equations 
3a; + 42/ — 7 = 0, 4a; — 22/ — 1 =0. Construct the locus. 

7. Describe the surfaces represented by the following equations, 
and make drawings of them. 

(a) 2/2 = 4a;, (b) a;* -f y* = 25, (c) 42« + 92/* = 36, 

(d) 42/2 = a^^ (c) a;2 - 4 = 0, (/) 42* - 9a;« = 36, 
is) 2/ = sin a;, (^) a;* + 2* + 4x - 62 - 12 = 0. 

Ans. (a) A parabolic cylinder with elements parallel to OZ. 
(6) A circular cylinder with elements parallel to OZ. 

120. Equation of the first degree in three variables. 

Theorem. Every equation of the first degree in three variables 

Ax + By+Cz + D=0 (16) 

is the equaiion of a plane. 
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Let Pi(xi, 2/1, «i), PjCx*, ^2, Zi) be any two points on the locus 
represented by equation (16). Then 

Axi + Byi + Czi + i> = 0, (i) 

Axt + Byt + C22 + i) = 0. (u) 

Also let Pi{xzf Vs, zi) be any other point on the straight line 
through the points Pi, Pa If it can be shown that Ps also lies 
in the locus whose equation is (16), then this locus must be a 
plane, because by elementary geometry a plane is a surface 
such that if a straight line be drawn through any two of its 
points then every point of this line lies in the surface. 

Proof. Since by hypothesis Pi, P2, P3 are in the same 
straight line the direction cosines of P1P3 and those of P1P2 
must be equal, each to each. Let the length of P1P2 = d, and 
that of P1P3 = d\ Then by (4), p. 210, 

a?8 ~ ^1 x% — X\ 
d' ~d ' 

and, similarly 



or d{xz — xi) = d\x2 — Xi), {lit) 



d{yz - yi) = d'{y2 - 2/1), {w) 

d(zz - 2i) = d'(z2 - zi). (v) 

Hence, multiplying (in) by A, {iv) by P, and {v) by C 

Ad{xz — X\) = Ad'(x2 — Xi)f ') 

Bd(yz - vi) = Pd'(2/2 - 2/1), [• (vi) 

Cd(zz - zi) = Cd'{z2 - 2i). J 

Adding the three equations (vz), 

diAxz + Byz + Czz) - dUxi + Pj/i + Czi) 

= d'iAx2 + By2 + CZ2) - d\Axi + Byi + Czi), (vii) 

But from (i) and (u) 

Axi + Byi + C21 = - D, Ax2 + P2/2 + Cz. = - D, 

hence substituting these values, {vii) reduces to 

d{Axz + Byz + Czz) + dD = d\D - D) = 
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or 

Axz + Byz + Czi + D = 0. 

That is, the coordinates (xz, yzf Zz) satisfy equation (16), hence 
Pz lies in the locus of which this is the equation, and that locus 
is therefore a plane. 

121. The equation of the sphere. 

Definition. A sphere is the Iocils of all points in space at 
a constant distance from a fixed point. The fixed point is caUed 
the center of the sphere, and the constant distance, the radius. 

The equation is obtained by translating the definition into 

algebraic language. Let {xo, yo, Zo) be the center, (x, y, z) any 

point on the locus, and r the radius. Then by (1), p. 207, the 

equation 

(x - Xo)* + (y - yoY + (« - «o)* = r* (17) 

expresses that the distance between the points (a;©, yo, 2o) and 
(x, y, z) is always constant. Hence (17) 
is the equation of a sphere of radius r, with 
center at (xo, yo, ^o). 

If the origin be taken at the center of 
the sphere, Xo = 2/o = ^Jq = 0, and equation 
(17) reduces to 

aj* + IT^ + «* = r2. (18) Fig. 122 

Fig. 122 represents one eighth of the sphere whose equation 
is (18). 

122. Surfaces and curves.— In Arts. 120, 121 it has been 
shown that two well-known surfaces, the plane and sphere, are 
represented in analytic geometry by equations in three variables. 
Similarly other surfaces may be represented by other forms 
of equations in three variables. The relation between an equa- 
tion in three variables and a surface is the same as that between 
an equation in two variables and a locus in a plane. 
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The notation /(x, i/, s), see Art. 17, is used to designate any ex- 
pression containing the three variables x, y, z. Thus in general 

f{x, y, «) = (19) 

is the equation of a surface. 

Note. The equation /(x, y^z) =0 includes equations of the type 
25* + 2/* — o* = 0, y — h = 0, etc., in which only one or two variables 
occur explicitly. These latter as the equations of loci in space are 
interpreted as equations in three variables in which the terms con- 
taining the missing variables have the coefficient zero. 

Theorem. Two simultaneous equations in three variables^ x, 
yy Zj represent one or more lineSy straight or curved. 
Let 

/(^, Vj 2) = 0, </>(x, y, z) = 0, 

be the equations of two surfaces. The points whose coordinates 
satisfy both equations are those points which lie in both surfaces. 
The two equations taken simultaneously therefore represent the 
lines straight or curved in which the two surfaces intersect. 

123. Interpretation of equations.— A method will now be 
described for determining the appearance and situation of a 
surface whose equation is given. A preliminary discussion will 
help to make clear the nature of the process. 

I. Let 

/l(a;, Vy 2) = 0, /2(X, y, Z) = (l) 

be the equations of two surfaces. Let AB represent the curve 
of intersection of these surfaces. If one of the variables, for 
example z, be eliminated from the equations (i) the result will 
be an equation 

</>(x, y) = 0, (ii) 

which is satisfied by the coordinates of every point on the curve 
A Bin which the surfaces (i) intersect. By Art. 119, equation (ii) 



[Art. 123] EXTENSION TO SPACE PROBLEMS 



221 



is the equation of a cylinder whose elements are parallel to the 
Z-axis, and hence it must be the equation of the cylinder, with 
elements PiQi, P2Q2, PsQs, etc., parallel to OZ, upon which 




lies the curve of intersection of the surfaces (i). It is therefore 
also the equation in the plane XOY of the curve CD, in which 
this cylinder intersects XOY, that is the equation of the pro- 
jection of AB on XOY. 

Similar results follow if y or a; be eliminated from the two 
equations (t). 

II. If one of the two surfaces given by equations (i) is a plane 
parallel to XOY, the curve of intersection AB, and its pro- 
jection CD on XOY wiU be identical (see Art. 114, IV). The 
equation (u) in this case may be taken either as the equation 
of CD in XOY J or as the equation of the curve of intersection 
itself in the cutting plane. Similar results follow for intersections 
of a surface by planes parallel to YOZ or XOZ, 

III. The form of a surface whose equation is given can often 
be outlined by determining its intersections with the coordinate 
planes, and with planes parallel to them, as indicated in II. 
For example, every plane parallel to XOY has for its equation 
z = ky a. constant. If k be substituted for z in the equation of 
the surface, the resulting equation in x and y is the equation in 
the plane z = k of the curve in which this plane cuts the surface. 
This method will be illustrated by examples. 
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1. Construct the surface 4x + 3y + 52 = 12. 

By Art. 120 this is the equation of a plane. The intersection 
with the plane XOY is obtained by combining the given equa- 
tion with z = 0, the equation of XOY. This gives 

4x+ 3y = 12, 

which is therefore the equation in the plane XOY of the inter- 
section, the line AB. 

Similarly, making y = 0, the 
result 4x + 5z = 12 is the 
equation of CA, the intersec- 
tion of the given plane with 
ZOXf and making x = 0, the 
intersection BC of the given 
plane with YOZ is found to be 
3t/ + 5z = 12. These three 
intersections show the position 
of the plane. 




Fig. 124 



2. Construct the surface 



y' 



25 "'' 16 "•" 9 ~ ^' 

Cutting the surface by the plane XOYy by making 2 = in 
the given equation, the result is the ellipse 

• 25 ^ 16 ' 

whose semi-axes are OA = 5, OB = 4. 

Similarly making y = 0, the section formed by the plane 
ZOX is the ellipse 

25 ^ 9 ' 



whose semi-axes are OA = 5, OC = 3. 



[Art. 123] EXTENSION TO SPACE PROBLEMS 223 

Finally, making x = 0, the section formed by the plane YOZ 
is the ellipse 

16^9 ' 

whose semi-axes are OB = 4, OC = 3, 

Only one eighth of the figure 
is drawn, as it is evident that 

the surface is symmetrical with , 

respect to the origin. 

Sections of the surface formed : 

by planes parallel to YOZ are 
obtained by combining the given 
equation with the equations of p. -„, 

such planes, which all have 

the form x = k, where A is a constant. Substituting x = k 
the given equation becomes 



J^_i 



= 1 - 



"(-I) »('-!) 



This is the equation of a real ellipse in the plane x — A; for all 
values of i' < 25, but if A' > 25 the curve is imaginary. Hence 
all sections of the surface parallel to YOZ are ellipses, and the 
surface does not extend beyond A, where k = h. DiEi, D^Ei, 
etc., represent quadrants of some of these ellipses. 

Similarly by assigning constant values to y and z in turn it is 
shown that sections of the surface parallel to ZOX and XOY 
respectively, are elUpses, and that the surface does not extend 
beyond B, where OB = 4 in the direction OY, nor beyond C, 
where OC = 3 in the direction OZ. 
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Similar results may be obtained for any surface whose equation 
is of the form 

g + g+|=l. (20) 

or for any surface whose equation can be reduced to that form, 
such as 

Ax^ + By" + Cz^ = 1>, (21) 

where A, By C^ D are positive constants. 

This surface is called an ellipsoid, and the three distances 
OA = a, OB = by OC = c, Fig. 125, are called the semi-axes 
of the ellipsoid. 

If the three semi-axes, a, h, c, of an ellipsoid are equal the 
surface is a sphere. See equation (18), p. 219. 

If two of the semi-axes, as b and c are equal, equation (20) 
takes the form 

$ + $ + $-'' (22) 

and the series of sections of this surface determined by the 
planes x = k have equations of the form 



,. + ,. = i,(i_^), 



which are circles. The surface represented by equation (22) is 
therefore a surface of revolution. It may be conceived as being 
generated by the rotation of the ellipse (x^/a^) + (y^/b^) = 1 
about its major-axis. 

An ellipsoid of revolution is usually called a spheroid. If 
the two equal axes are shorter than the third axis, that is if 
6 < a in (22) the surface is called a prolate spheroid, but if the 
two equal axes are longer than the third, or 6 > a in (22), the 
surface is an oblate spheroid. 
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3. Construct the surface 

25 "*" 16 9 

The analysis of this equation is made as in Ex. 2. The 
section by the plane XOYy or 2 = 0, is the ellipse AB 

25 "^ 16 ' 

whose semi-axes are OA — 5, OB = 4. 
The section by the plane ZOX^ or y = 0, is the hyperbola AC 

x^ ?? _ 1 
25 " 9 " ' 

which cuts OX at A, where OA = 5. 
The section by the plane YOZ, or x = 0, is the hyperbola BD 

16 9 ' 

which cuts 07 at 5, where OB = 4. 

Only one fourth of each of these sections is shown in the 
figure. 

Sections parallel to XOF, obtained 
by giving to z a series of constant 
values, positive or negative, are al- 
ways real ellipses. Thus if 2 = ± A; 
the equations of these sections in their 
respective planes are 



25 "^ 16 "^ 9 • 




Fig. 126 



Quadrants of these elliptic sections are shown at AiBi, AzB^y etc. 

Sections parallel to YOZ, and to ZOXy obtained by making 

X = k and y = ky respectively are in general hyperbolas, as the 
16 



2» ASALTnC GBDMFTVT (CkAF. XII] 

itodest can sikov, bat tboe mn impo^tAni cxeeptioiis to tliis 



Tbtn if the surface be cct b j a pUne thioo^ B, faj imking 
9 « 4y tbe result b ^x* — |2* = 0. or 

whieh represents in the pUne y == -t a pair of struct lines 
meeting at B. Similarlj, making x » 5. it b seen that this 
plane euta the stirfaee in a pair of straight lines meeting at A, 
whoeie equations in the plane x = 5 are iy :±: |x = 0. Similar 
results are giren by the two i^anes y = — 4, and x = — 5. 

^milar results may be obtained for any surface viiose equation 
has the form . 

g + g-S=l. (23) 

€fr, more generaOy, whose equation has the form 

jLm^ -{- Bu" + Cz" = n^ (24) 

where one of the three letters A, B, C stands for a negative 
number and the other two, with D, for positive numbers. 

This surface is called a hypeiboloid of one sheet. 

If a « 6 the sections AiBi, AtBt, etc., are circles, and equa- 
tion (23) then represents a hyperboloid of revolution of one 
fheet. It can be produced by rotating the hyperbola (x'/a') 
— (^/c*) « 1 about its conjugate axis. 

4. Construct the surface 

9 16 ~ 25 "" 

If this surface be cut by the plane XOY by substituting z — 
in the given equation, the section is the hyperbola 

t^vL^ 1 

9 16 ' 
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AB, A'B' in the figure, in which OA = 3. Similarly the section 
by the plane ZOX is the hyperbola ilC, A'C, with the same 
transverse axis. 

If x = the equation -*- ^ 

is - (7//16) - (2V25) = 1, 
showing that the section 
by the plane YOZ is im- 
'aginary. If, however, sec- 
tions parallel to YOZ be 
formed by making x = A;, 
a constant, the resulting equation is 




16 






= 1, 



which represents a real ellipse in the plane x = A; if A; > 3, or 
< — 3. Hence all sections parallel to YOZ are real ellipses if 
the cutting plane is more than three units from YOZ on either 
side. 

Similar results may be obtained for any surface whose equa- 
tion has the form 









= 1, 



or. 



Ax?- + By^ + Cz^ = n 



(25) 



(26) 



where two of the three letters Ay By C stand for negative num- 
bers, and the other, with D, for positive numbers. 

This surface is called the h3rperboloid of two sheets. 

If 6 = c in equation (25) the sections parallel to YOZ are 
circles, and the surface is a h3rperboloid of revolution of two 
sheets. It may be produced by rotating the hyperbola (x'/a^) 
— {y^/b^) = 1 about its transverse axis. 



xiq 



5. Canstmet tbesuifaee 



f! ?! 

25^9 



2 

4 



Cntdiig the suifaee bjr XOF br muking z — 0, the resah is 

This eqimtion is satisfied bj ool j one pair 
of real values of x and y, x = 0, y = 0. 
Henee the suifaee has only one real point, 
the origin, in the i^ane XOY. 

flaking if = 0, the section by the i^ane 
ZOX is found to be 
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x« = Y^, 



a panib<^ OA tangent to OX at the vertex O. 

Similaiiy, making z = 0, the section by the i^ane YOZ is 

a parabola OB tangent to OF at the vertex O. 

To cut the surface by planes parallel to XOY give to z a series 
of constant values z ^ k. Thus we have 

25 "^ 9 4 ' 

which is always an ellipse in the plane z = k, real if ib is i)ositive, 
and imaginary if k is negative. M\N\, MtNt, etc., represent 
quadrants of these elliptic sections. 

The student may show that sections of this surface parallel 
to YOZ, or to ZOXf are always parabolas. 

The general equation of this type is 



a« "^ ft» "" c 



(27) 
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Aa? + B^ = Cz, (28) 

where A and B are positive. This surface ia called the elliptic 
paraboloid. If a » & in (27) it becomes a paraboldd of 
revolution, that is the surface produced by revolving a para- 
bola about its axis. 
6. Conatruct the surface 



25 IR ; 

Making 2 = 0, the section formed 
by the plane XOY is seen to be a 
pair of straight Unes (a;'/25) — 
(!,'/16) = 0, or {xlh) ± {tf/4) - 0, 
one of which, OB, is drawn in the 
figure. 

Making !/ = 0, the section formed 
by the plane ZOX is found to be 
the parabola OC, 



Making x = the section by the plane YOZ ia the parabola OD, 



The series of planes z = k, parallel to XOY, form sections 
which are always hyperbolas 

25 16 3' 

The transverse axes of these hyperbolas are parallel to OX if k 
is positive, and parallel to 1' if A is negative. The hyperbolas 
GH and EF, represent portions of two of theRe sections for 
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podtive values of k, and KL, K'U represent portions of these 
hyperbolic sections for negative values of k. 

For all planes parallel to XOZ, given by y = k, the sections 
are parabolas with axes extending upward, and for all planes 
parallel to YOZ, given by z =^ k, the sections are parabolas 
with axes extending downward. 

The general equation of this t3rpe is 



^ 
«« 



ft^ 



z 
e 



or 



Aa^ + By^ = C«, 



(29) 



(30) 



where A and B represent numbers having opposite signs. 

This surface is called a hyperbolic paraboloid. It has quite 
important uses and applications. Its general appearance is 
best studied with the aid of a solid model. 

7. Construct the surface 






IB 




16 "^ 9 25 



By methods fully illustrated in the 
preceding examples it can be shown that 
the plane XOY cuts the surface in a 
point (the origin), and that ZOXy and 
YOZ cut it respectively in the pairs of 
straight lines (a;/4) =b (2/5) = 0, or OC, 
OD, and (t//3) =t (2/5) = 0, or OA, OB, 
The sections parallel to XOY, found 
by making z = k, are ellipses for all 
values of k, positive and negative. 

Let the surface be intersected by any plane y = mx passing 
through OZ. Eliminating y between this and the given equa- 
tion the result is 



Fig. 130 
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By I, p. 220, this equation is that of the projection of the inter- 
section of y = mx with the surface on the plane XOZ, From 
the form of the equation it is seen that this projection is a pair 
of straight lines meeting at 0. If x be eliminated between 
y = mx and the given equation the result is 



y'iit^-^D-h''-'' 



showing that the projection of the intersection on YOZ is also a 
pair of straight lines meeting at the origin. Since both of these 
projections on perpendicular planes consist of pairs of straight 
lines the intersection itself must be a pair of straight lines, 
for all values of m. That is, every plane through OZ cuts the 
surface in a pair of straight lines meeting at 0. The surface is 
therefore a cone, with vertex at 0, and axis coincident with OZ, 

Note. A conical surfacCf or a conCf is a surface generated by a 
straight line moving in space so that it always passes through a fixed 
point called the vertex, and always intersects a given curve which does 
not he in the same plane with the vertex. Every position of the moving 
line is called an element of the cone. 

The general equation of this type is 

g+g-i=0, (31) 

or 

Aa^ + By' + C^ = 0, (32) 

where A^ 5, and C do not all have the same sign. The cone 
represented by (32) will have its axis coincident with OX, 07, 
or OZ, according as the sign'of A, B or C differs from that of 
the other two of these letters. 

If in equation (31) a = 6 the surface is a right circular conei 
or a cone of revolution. 
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124. Concluding remarks. — This chapter is intended to 
give only the briefest possible introduction to some of the 
principles of coordinate geometry of space, especially those 
which will be needed when, in the study of calculus, the student 
comes to applications in which solids and the surfaces of solids 
are treated. A fuller introduction to this interesting, im- 
portant, and extensive branch of mathematics may be obtained 
from the special elementary treatises on the subject. 

Exercises on Chapter XII 
Normal Exercises 

1. Locate on a figure the points whose rectangular coordinates are 
(1,3, 2) and (-4,2, -3). 

2. Locate the points whose spherical coordinates are r = 4, d = 60°, 
7 = 30^ and r = 2, ^ = 225°, 7 = 150°. 

3. Find the lengths of the sides of the triangle whose vertices are 
the points (4, 2, - 3), (2, 1, - 1), (- 2, - 3, 1). _ 

Ans. 3, 6, V77. 

4. Find the lengths of the projections on the three coordinate axes 
of the line joining (— 2, 4, 5) and (3, — 8, 5). 

5. Find the direction cosines of the line joining (a) the origin to 
(1, - 4, 4), (6) (- 2, 4, 5) to (3, - 8, 5). 

Ans. (a) 1 : -N§3, - 4 : V33, 4 : V33. (6) ^^, - {I 0. 

6. A line joining the origin and a point whose coordinates are all 
positive makes with the X-axis an angle of 40°, and with the Z-axis 
an angle of 65°. What angle does it make with the F-axis? 

Ans. 61° 2'. 

7. Determine the spherical coordinates of the point whose rect- 
angular coordinates are (4, — 4, — 2). 

Ans. r = 6, ^ = 315°, y = cos"! (- 1). 

8. If the spherical coordinates of a point are r = 3, — 120°, 
7 = 135°, what are its rectangular coordinates? 

Ans. (- i>g, iV6, -}>S). 
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9. Determine the surfaces represented by the following equations 

(a) a; « 4, (6) a;* - y» = 0, (c) z - 3a: + 5 = 0, 

(d) y = - 2, (e) 4x + y = 0, 

(/) 4a: + 3y + « - 24 - 0, 0^) a:» + 2/» = 4, 

(;i) 3x - 4y + 22 - 5 = 0, (t) x« + 2/« -h 2* - 25 =- 0, 

(i) 4a:* + 4i/« + 42* - 8x + 122 - 3 = 0. 

10. Find the equations of the following spheres 

(a) center at the origin, radius . = 5, 
(6) center at (— 1, 2, — 3), radius = 4. 

11. Construct the loci represented by the following pairs of equa- 
tions 

(a) X = 2, 2/ = 4. (d) X -f 3j/ - 7 = 0, y = 4. 

(6) X + 3 = 0, 2=4. (6) X + 3y - 7 = 0, z = 4. 

(c) X* + 2/* = 16, 2 = 4. (/)«' -42/* =9, 2=0. 

12. Discuss and sketch the following surfaces 

(a) 4x* + 92/* + 2* - 36 = 0, (d) 42* + 92/* - x = 0, 

(6) 4x* + 42/* - 2* - 16 = 0, (e) 2/* - 4x* - 42 = 0, 

(c) 2* - 4x* - 2/* - 64 = 0, (/) 4x* - 92/* + 92* = 0. 

General Exercises 

13. In the case of the following planes find their intercepts on the 
coordinate axes, and the equations of the lines in which they intersect 
the coordinate planes. 

(a) 4x + 32/ + 7z - 12 = 0, (d) x + y + z + I = 0, 

(6) 2x - 2/ + 8« - 16 = 0, (c) X + 2/ + « = 0, 

(c) 8x + 32/ - 42 = 0, (/) 3x + 42/ - 22 - 12 = 0. 

Ans. (a) Intercepts are 3, 4, ^; intersections with YOZ, ZOX, 
XOYy respectively are 32/ + 72 - 12 = 0, 4x + 72 - 12 = 0, 4x + 32/ 
- 12 = 0. 

14. Find the equation of the plane which passes through each of the 
following sets of points 

(a) (1, 3, 4), (2, 4, 3), (4, 1, 1). (c) (5, 0, 0), (0, 5, 0), (0, 0, 5). 

(6) (- 2, 3, 5), (1, 0, - 3), (3, 2, 0). {d) (0, 0, 0), (0, 0, 1), (0, 5, 0). 

Ans. (a) X + 2 - 5 = 0, (6) 7x - 262/ + 122 + 29-0. 
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15. Find the equations of the planes detennined by the foflowing 
sets of conditioiis. 

(a) Passing throu^ the X-aads, and the point (4, 5, 6). 

Ans. 6y — 5? = 0. 

(&) Pasnng through the points (2, - 1, 3), (3, 1, - 2), and paraUel 
to the Z-axis. Ans. 2x — y — 5 = 0. 

(e) Passing through the line x ^ 2, y ^ Z, and the point (3, 1, 7). 

Ans. 2x + y - 7 = 0. 

(d) Passing through the line 3z + 4y — 7 — 0, z — 0, and the 
point (5, — 2, 3). Ans. 3x + 4y - 7 = 0. 

(e) Passing through the line 3z + 4y — 52 — 12 = 0, 4x -\-2y 
+ 62 + 7 — 0, and parallel to the Z-axis. Ans. 7x + 6y — 5 =0. 

Id. find the equation of the sphere 

(a) whose center is at (2, 1, 3), and radius 4, 

(6) whose center is at (0, 0, 0), and radius 5, 

(c) with center at (1, 2, 3), and passing through (3, 1, 1), 

id) with center at (4, 3, 5), and tangent to XOY. 

Ans. (a) X* +4/* + 2»-4x--2y-62-2=0, 
(c) X* + 2/* + 2» - 2x - 4y - 62 + 5 = 0. 

17. Determine the centers and radii of the following spheres. 

(a) «• + y« + ;i« - 4x + 2y - 82 - 4 = 0, 

(6) 4r« + 4y« + 42« + 8x - 4y + 122 + 65 = 0. 

Ans. (a) Center, (2, — 1, 4), r = 5. (6) Imaginary sphere. 

18. Find the equation of the spheres determined by the following 
sets of conditions. 

(a) Tangent to the XY plane, center at (4, 5, 6). 

Ans. X* + y« + 2* - 8x - lOy - 122 + 41 = 0. 

(6) Tangent to the X-axis, center at (2, 3, 4). 

Ans. X* + y« + 2« - 4x - 6y - 82 + 4 = 0. 

(c) Center at (2, 3, 4), and tangent to the plane x = 5. 

(d) Passing through the four points (2, 2, - 4), (- 2, 6, 0), (6, - 2, 
i), (4, 6, 6). Ans. a^ + 2/^+2*- 4a; -42/ -42-24= 0. 
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19. Discuss and sketch the following surfaces 

(a) 4x« + 9y* + 2* - 36 = 0, (i) x« + 2/" - 4z = 4, 

(6) a:2 + yi _ ^2 == 3e, {j) «« - 9y* - 16a:» = - 36, 

(c) 4x* + y2 - 9z* = 36, (A;) 4x2 + 9y* + «* + 4 = 0, 

(d) 4x* + 42/* - 92 - 0, (0 z« - 43/* - 4x = 0, 

(e) 3x + 42/ + 2 = 12, (w) 42/* + 9x* + 362 + 36 = 0, 
(/) y" - 4x* - 252* = 4, (w) x» - 2/' + 2* = 0, 

(g) 9x* - 362/* + 252* = 225, (o) 4x* + 42/* - 252* = 0, 

(A) 4x* + 42/* + 42* - 25 = 0, (p) 2* + 32/* - 27x* = 0. 

Ans. (a) Ellipsoid, a = 3, b = 2, c = 6. (6) Hyperboloid of revo- 
lution of one sheet, a = 6 = c = 6. (c) Hyperboloid of one sheet, 
a = 3, & == 6, c = 2. id) Paraboloid of revolution, with axis in OZ, 

20. Discuss and sketch the following surfaces. Note the changes 
produced by changes in value and sign of the coefficients. 

(a) 4x* + 92/* + 2* - 36 = 0, (e) 9x* - 42/* - 2* = 0, 

(6) 9x* + 42/* + 2* - 36 = 0, (/) 9x* + 42/* - 2* = 0, 

(c) 9x* + 42/* + 2' + 36 = 0, ig) 9x* + 42/* - 2 = 0, 

{d) 9x* + 42/* - 2* - 36 = 0, Qi) 9x* + 4j/* - 2 - 36 = 0, 

21. If the direction cosines of a line are to each other as 2 : m : n, 
what are their values? 

22. Find the coordinates of the middle point of the line joining 
(3, - 4, 6) and (7, 2, - 2). Ans. (5, - 1, 2). 

23. Derive formulas for the coordinates of the middle point of the 
line joining (xi, 2/1, z\) and (x2, 2/2, 22). 

24. Find the equation of the surface every point of which is equally 
distant from (4, 3, 7) and (2, 4, 3). Describe and sketch the siu*face. 

Ans. 4x - 22/ + 82 - 45 - 0. 

25. Find the equation of the locus of a point whose distance from 
(4, 0, 0) is always twice its distance from (1, 0, 0). Describe and sketch 
the surface. Ans. x* + y* + 2* = 4. 

26. A point moves in space so that the sum of its distances from 
(2, 0, 0) and (— 2, 0, 0) is always equal to 8. Describe and sketch its 
locus. Ans. 3x* + 4j/* H- 42* « 48. 



APPEXDO: 

CURVES FOR REFEREXCE 

A mtmber td f:nxy4», not niemd to in the precnfins pa^es, idiidi 
«)e i^^tlier inqiortjyit ptairtkaJly, or ate of interest histofiedly, are 
gailnefiiKl bere for eoDvcnienee of reference. 

In tbe eqaaivjOM wliieb fcJknr a and 6 ahrajs stand for gircn aii»- 
iraiy kngtbs^ Ir^ for a numerical constant. Wben an eqpatian eon- 
Uuxm one arbttraiy length a or 6, a change in its vafaie sin^^ ahecs the 
ffcaJe of the drawing, A change in the rafaie of a nmnerical constant, 
however, or a change in the relative vahies of two aitntzaiy IpngthH, 
may change conqdetdy the j^ipearanee of the curve. 



The cubical parabola^ y ^ i^ or 



The semi-cubiad parabolaj 
^ = X*, or aj^ = j^. 



(a,a) 
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Fig. 132 
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!/• = 



The cissoid. 

a* 



r — 



2amn*0 




Fig. 133 



The witch. 




The parabola, 
x^-^-y^ = a^. 




Fig. 134 

The probability curve, 
y = ae-^^^ 




Fig. 135 



Fig. 136 



The conchoid, (x' + if){y — a)* = 5V. r = a esc ^ + 6. 

Y 
(•,a+6) 
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The limagon, r — a — h cos 6. 




(d-6, 0) 




a>b 



Fig. 138 



a<b 



The cardUnd, 

r = a(l — cos d). 




Fig. 139 

The hyperbolic spiralj or red^ 
procal spiral. 

rO = a. 




Fig. 141 



B 



The catenary. 




Fig. 140 



The logarithmic spiral. 
r = a*. 




Fig. 142 
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The tangent curve, 
y = tan x. 
Y 



The aecard curve. 

y ^ aeex. 




Fig. 143 



^T 





(t.l) 







Fig. 144 



r = a sin 29. 



r = a tan 3d. 




(a,\ir) 




Fig. 145 



Fig. 146 



The trochoid, x — ad -- b sm 0. y = a — h cos 0, 




(2Ta,a'h) 



a>b 
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